Fibered T- Algebra 

Alcks Kleyn 



Abstract. The concept of J-'-algebra and its representation can be extended 
to an arbitrary bundle. We define operations of fibered JF-algebra in fiber. 
The paper presents the representation theory of of fibered JF-algebra as well as 
a comparison of representation of J-"-algebra and of representation of fibered 
JF-algebra. 



Theory of representation of algebra has long and extensive history. During XX 
century representation theory became an integral part of different applications. 
Transition from algebra to algebra bundle opens new opportunities. I have ventured 
to write this paper where I want to discover new properties of algebra bundle. 

Since a cut of the bundle may be not defined on the whole bundle, all state- 
ments assume a specific domain. Such statements are modelled on statement about 
existance of trivial tangent bundle on manifold. 

However there exists other group of statements restricting the domain of fibered 
^-algebra. I give appropriate examples in the text. The explanation follows. 

We suppose that transormation of fiber caused by parallel transfer is one-to-one 
map. Continuously moving along base, we continuously move from one fiber to 
other. Assumption that map between fibers is homcomorphism warantics continu- 
ous deformation of fiber. 

If we choose the point in fiber, then the trajectory of its movement when its 
projection moves along base is parallel to base. In differential geometry such lines 
are called horisontal. We also will use this definition. 

Since we assume that there is structure of ^-algebra on fiber, then we expect that 
corresponding map is isomorphism of ^-algebra. Continuity allows to save consid- 
ered structures when we use parallel transfer, it allows to make smooth transfer 
from fiber to fiber. 

This picture works well in the small. When we consider finite intervals on base, 
continuity becomes responsible for impossibility to extend the structure of ^-"-alge- 
bra as far as we please. For instance, there may apear points where homcomorphism 
is broken. It happens when horizontal lines have intersection or topological prop- 
ertyes of fiber change. Corresponding fiber is called degenerate, and its projection 
is called point of degeneracy. 

It is not easy to say how many points of degeneracy there are. It is clear by 
intuition that this set is small in comparison with the base. However, this set may 
prove to be essential for the study of geometry of bundles or physical processes 
associated with this bundle. 

The problem to extend the solution of differential equation is one of such events 
in the theory of differential equations. At the same time, there exist two types of 
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solution of differential equation. Regular solution belongs to family of functions 
dependent on arbitrary constants. Singular solution is envelope of family of regular 
solutions. 

The problem of describing fibers of bundle, regardless whether they are degen- 
erate or not, has an interesting solution. Any path on the base of bundle is map of 
interval / = [0, 1] into base of bundle. Let us assume that fibers of bundle are not 
homcomorphic, but homotopic. 

The holonomy group of bundle also has constrains for structure of fibered T- 
algebra A = p[A]. It is natural to assume that using parallel transfer we have 
homomorphism of J-"-algebra from one fiber into another. Therefore, we assume 
that transformation caused by parallel transfer along loop is homomorfism of T- 
algebra. Thus, everything is fine when the holonomy group of bundle A is subgroup 
of group of homomorphisms of ^-algebra A. In this case fibered ^-algebra A is 
called holonomic. Otherwise fibered JF-algcbra A is called anholonomic. 

From theory of vector bundles we know that there exist fibered ^-algebra which 
is not holonomic. At the same time, the theory of vector bundles has answer how 
we can work with anholonomic fibered ^"-algebra. 

We apply this remark also to the theory of representations of fibered JF-algebra. 

A new design is illustrated through the use of corresponding diagrams. 

Where it is possible I use the same notation for operations and relations as we 
use them in the set theory. It does not bring to ambiguity because we use different 
notation for set and bundle. I use the same letter in different alphabets to denote 
bundle and fiber. 

We assume that projection of bundle, section and fibered map arc smooth 
maps. 

1. Bundle 

Let M be a manifold and 
(1.1) p[E] : £ - - >■ M 

be a bundle over M with fiber E. 1 The symbol p[E] means that £ is a typical 
fiber of the bundle. Set £ is domain of map p\E\. Set M is range of map p[E]. We 
identify the smooth map p[E] and the bundle (1.1). Denote by r(p[i?]) the set of 
sections of bundle p[E]. 

Cartesian power A of set B is the set B A of mappings / : A — > B ([5], page 
5) . Let us consider subsets of B A of the form 

W K ,u ={f:A^ B\f(K) c U} 

where K is compact subset of space A, U is open subset of space B. Sets Wk,u form 
base of topology on space B A . This topology is called compact-open topology. 
Cartesian power A of set B equipped by compact-open topology is called mapping 
space ([6], page 213). 

According to [6], . 214, given spaces A, B, C, D and mappings / : A — > C, 
g : D — > B we define morphism of mapping spaces 

gf : D c -> B A 

^Since I have deal with different bundles I follow next agreement. I use the same letter in 
different alphabets for notation of bundle and fiber. 
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by law 

g f {h) = fhg h:C^D \h) :A -+ B 

Thus, we can represent the morphism of mapping spaces using diagram 

/ 

A 

g f {h) 

Set r(£") is subset of set £ M . This is why for set of sections we can use definitions 
established for mapping set. This is why for set of sections we can use methods 
defined for mapping space. We define sets Wk.u by law 

W K ,u = {feT(8)\f(K)cU} 

where K is compact subset of space M , U is open subset of space £ . 

Remark 1.1. I use arrow > to represent projection of bundle on diagram. □ 

Remark 1.2. I use arrow ■> to represent section of bundle on diagram. □ 

Let / be a fibered map from £ to £' 

f 



£ — 

I 

\p[E] 

y 

M — 



-£' 

\p'[E'] 

M' 



The map F is the base of map /. The map / is the lift of map F. 

Suppose map F is bijection. Then the map / defines morphism f F of spaces 
of sections T{p[E})) to r(p'[E'])) 



£ 

A 



£' 

A 



M 



M' 



It is enough to prove continuity of F -1 to prove continuity of u' . However this is 
evident, because F is continuous bijection. 

Since F = id, then id -1 = id. In this case we use notation / ld for morphism of 
spaces of sections. It is evident, that 

f d (u) = fu 



2. Cartesian Product of Bundles 
Remark 2.1. Let A\ x ... x A n be Cartesian product of sets A±, 

Ai x ... x An 



A x 



A n 
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According to [1] we can represent the map 

/ : A -> Ai x ... x A n 
as tuple / = (/i, /„) where = fpi 

A x x ... x A n 




□ 

Let Pi[Ei] : £i a- , i = 1, n be the set of bundles. For any i let {£/ Jcti } 

be a cover of Mi such that for any Ui Ui there exists a local chart (fi ai of the bundle 
Pi[Ek] 

Uiai X Ei £i\Uia 



As > 

Uiai 

Definition 2.2. For any point Xi £ Mi there exist open set Ui ai , i = 1, n such, 
that S J7i aj . By (xi,ai), Xj e E/i Qi , a< £ Ei denote a point of set £%\u ia .- For 
tuple a = (ai, a„) we introduce trivial bundle 

e a : £ a — — >■ U a — U\ OL1 x ... x U n a n 

with £ a consisting of tuples (xi, x n , oi, a n ). Cartesian product H™=i ^ ^ s a 
fiber of this bundle. Cartesian product 11™= l Ui ai i s a base of this bundle. □ 

Continuity of projection of this bundle follows from Corollary 1 of Proposition 
1 ([8], page 44). 

To define a bundle over manifold Yl7=i Mi, we need to define gluing functions. 
Let i^iaiPi be gluing functions of bundle Pi[Ei] 



i\U iai 



ViPi 



iiiaiPi 



Uiai * Ei 

Ui Pi x E t 

Suppose U a n Up ^ 0. Then we define gluing function using diagram 



U a x Ei x ... x E n 
Up x E\ x ... x E„ 



■£\u a 

■£\Up 



Bundle 



Pi [-Ei 



Pn[E n \ = HpiiEi] = Ei]: £ ^ M 
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is called Cartesian product of bundles Pi[E[]. We also speak that the total 
space £ is Cartesian product of total spaces £i and use notation 

I! 

£ = Si x ... x £„ = Y\ 

i=l 

Remark 2.3. According to remark 2.1 we can represent a section of Cartesian prod- 
uct of bundles x ... x p n [E n ] as tuple of sections a = (a±, a n ). □ 

We will use following diagrams to represent Cartesian product of bundles 

£ £ 



/ \ 

/ x -x \ 
/ \ 

i \ 
Mi - M n 



Y 

Mi 



On the diagram, the arrows connected by either symbol x or[J denote the arrow 
corresponding to projection of bundle £. The notation is intended to show the 
structure of map. 

Product of any two fibers is defined in the Cartesian product of bundles. As 
we see below, such bundle reproduces the structure of the base. This substantially 
restricts the application of Cartesian product of bundles. 

3. Reduced Cartesian Product of Bundles 

Since bundles are defined over common base we can change definition of Carte- 
sian product of bundles. 

Let Pi[Ei] : £i >■ M , i = 1, n be the set of bundles over manifold M. For 

any i let {Ui ai } be a cover of M such that for any Ui ai there exists a local chart 
(Piai of the bundle p,^'] 

Uiai X Ei 3- £i\U ia 



Definition 3.1. For any point x £ M there exist open sets Ui ai , i = 1, n such, 
that x £ Ui ai - By (x, a,), x £ Ui ail ai g Ei denote a point of set £i\u ia .- For 

tuple a = (ai, ■-,ct n ) we introduce trivial bundle p a : £ a ^ U a — f]" =1 Ui ai 

with £ a consisting of tuples (x, oi, a n ). Cartesian product Yii=i ^ s a fiber of 
this bundle. The set U a is a base of this bundle. □ 

According to definition, we can represent the bundle over set U a as 

n 

U a x Y[Ei 

i=l 

According to [8], page 44, given U belongs to the base of topology of space U a , 
then U x n™=i belongs to the base of topology of space £ a . We can represent 
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set U as U = Uig/J/i, where U belong to the base of topology of space M, if U is 
open set of space M. Accordingly, the set 



P 



- 1 (U) = Uxl[E t 



can be represented as 



p- 1 (U) = \J(U i xl[E i ) 

and it is an open set. Therefore, projection p a is continuous mapping. 

To define a bundle over manifold M, we need to define gluing functions. Let 
ipiaiPi be gluing functions of bundle Pi[Ei] 



U iou X Ei 



£ 



i\Ui, 



Villi 



£ 



i\U u 



Suppose U a n Up 0. Then we define gluing function using diagram 

/ d 



U a x E\ x ... x E„ 
Up x E\ x ... x E n 



id 



\U,i 



Bundle 



Pi 



[Ei] ... Pn [E n ] = Q Pl [E l ] = p{Uti Ei]: £ > M 



is called reduced Cartesian product of bundles Pi[Ei]. We also speak that the 
total space £ is reduced Cartesian product of total spaces £ j and use notation 



£ = £i ©...©£„ = Q)£i 



Remark 3.2. According to remark 2.1 we can represent a section of reduced Carte- 
sian product of bundles p\ [E{\ ... Qp n [E n ] as tuple of sections a = (ai,...,a n ). □ 

We will use following diagrams to represent reduced Cartesian product of bundles 

£ £ 



/ \ 
i \ 

Pi- I 0...© IPn 

\ / 
\ / 

M 



02=i 



¥ 

M 



On the diagram, the arrows connected by symbol denote the arrow corresponding 
to projection of bundle £. The notation is intended to show the structure of map. 

In reduced Cartesian product we define product of fibers over selected point. 
This makes the structure of product more rich. 
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Definition 3.3. For n > we define Cartesian power of bundle 2 

j p[E}° =id:M--^M n = 

\ P[E] n = O -Li P[E] : £ n - - >■ M n>0 

4. Fibered T- Algebra 
Definition 4.1. An n-ary operation on bundle p[E] is a fibered map 

f :£ n ^£ 

n is arity of operation. 0-arity operation is a section of £. 
We can represent the operation using the diagram 



□ 



□ 



£'■ 



■£ 



/ \ 
/ \ 
/ -A 

pi Q...Q ip 

\ / 
\ / 

M 



id 



¥ 

M 



Theorem 4.2. Let U be an open set of base M . Suppose there exist trivialization 
of bundle p[E] over U . Let x G M . Let to be n-ary operation on bundle p[E] and 

u(pi,...,p n ) =p 

in the fiber E x . Then there exist open sets V QU ,W C E, W\ C B 1; W„ C E n 
such, that x<EV,peW,pi<E W\, p n S W n , and for any x' G V, p' £ W HloV 



there exist p\ G W\ , . . 



in the fiber E x i 



p' n G W n such, that 

w(p'x,...,Pn) 



V 



Proof. According to [8], page 44, since V belongs to the base of topology of space U 
and W belongs to the base of topology of space E, then set V x W belongs the base 
of topology of space £ . Similarly, since V belongs to the base of topology of space 
U and Wi, W n belong to the base of topology of space E, set V x W\ x ... x W„ 
belongs the base of topology of space £ n . 

Since mapping u is continuous, then for an open set V x W there exists an open 
set S C £ n such, that loS C V x W. Suppose x' G V. Let (x',p') G loS be an 
arbitrary point. Then there exist such p[ G E x i, p' n G E x i, that 

u(p'i,...,p'n) =p' 

in fiber E x i . According to this there exist sets R, R' from base of topology of space 
U, and sets Ti, T n , T[, T' n from base of topology of space E, such that 

x e R, x' £ R', px e Ti, K g T{, .., Pn e T n , P ' n e T n , R x T x x ... x r„ c 5, 

R'xT[x...x T' n C 5. We proved the theorem since VTi = T x UT^, W„ = T n UT^ 
are open sets. □ 



Since I use definition of Cartesian power of bundle only in frame of reduced Cartesian product, 
I do noot use respective adjective for power. I use this remark for all following definitions related 
to Cartesian power of bundle. 
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Theorem 4.2 tells about continuity of operation u>, however this theorem tells 
nothing regarding sets Wi, W n . In particular, it is possible that these sets are 
not connected. 

We suppose W = {p}, W\ = {pi}, ■ W n = {p n }, if topology on fiber A is 
discrete. This leads one to assume that in the neighborhood V the operation does 
not depend on a fiber. We call the operation to locally constant. However, it is 
possible that a condition of constancy is broken on bundle in general. Thus the 
covering space R — > S 1 of the circle S 1 defined by p(t) = (sini, cost) for any t € R 
is bundle over circle with fiber of group of integers. 

Let us consider the alternative point of view on the continuity of operation lu 
to get a better understanding of role of continuity Let us consider the continuity 
of operation lu to better see what does it mean. We need to consider sections, 
if we want to show that infinitesimal change of operand when moving along base 
causes infinitesimal change of operation. This change is legal, because we defined 
operation on bundle in fiber. 

Theorem 4.3. An n-ary operation on bundle maps sections into section. 
Proof. Suppose /i, f n are sections and we define map 
(4.1) / = u) id (fi, f n ) : M £ 

US 

(4-2) f(x) = L0(fi( X ), ...J n {x)) 

Let x £ M and u = f(x). Let U be a neighborhood of the point u in the range of 
the map /. 

Since ui is smooth map, then according to [8], page 44, for any i, 1 < i < n the 
set Ui is defined in the range of section /j such, that fTCLi ^» ^ s °P en m the range 
of section (/i, f n ) of the bundle £ n and 

n 

u(n ^) c u 

i=i 

Let v! G U. Since / is a map, then there exist x' E AI such that f(x') = it'. 
From equation (4.2) it follows that there exist u\ G Ui, p(u^) = x' such, that 
oj{v! x , ■■■,u' n ) = u' . Since fi is a section, then there exist a set Vi C M such, that 
fi(Vi) _! Ui and x G Vi, x' G Vi. Therefore, the set 

v = riUVi 

is not empty, it is open in M and x G V, x' G V . Thus the map / is smooth and / 
is the section. □ 

We can represent the operation using the diagram 



£ n - 
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Theorem 4.4. oj ld is continuous on T(£). 

Proof. Let us consider a set Wk,u, where K is compact set of space M, U is open 
set of space £. We can represent set U as V x E. where V is open set of space M, 
K C V. x E) = V x E n is open set. Therefore, 

(4.3) (Lu id )- 1 W K , VxE = W K ,vxEn 

From (4.3) continuity of ui ld follows. □ 

Definition 4.5. Let A be JF-algcbra ([2]). We can extend JF-algebraic structure 

from fiber A to bundle p[A] : A M ■ If operation ui is defined on ^-algebra 

A 

a = w(ai, :.,a n ) 
then operation to is defined on bundle 

a(x) = w(oi, ...,a n )(x) = w(oi(x), a„(x)) 
We say that is a fibered J 7 - algebra. □ 

Depending on the structure we talk for instance about fibered group, fibered 
ring, or vector bundle. 

Main properties of ^-algebra hold for fibcrcd ^"-algebra as well. Proving appro- 
priate theorems we can refer on this statement. However in certain cases the proof 
itself may be of deep interest, allowing a better view of the structure of the fibered 
^-algebra. However properties of ^-algebra on the set of sections are different from 
properties of ^"-algebra in fiber. For instance, if the product in fiber has inverse ele- 
ment, it does not mean that the product of sections has inverse element. Therefore, 
fibered continuous field generates ring on the set of sections. This is the advantage 
when we consider fibcrcd algebra. I want also to stress that the operation on bundle 
is not defined for elements from different fibers. 

Let transition functions g £ $ determine bundle B over base N . Let us consider 
maps V e G N and Vg £ N, V e n Vs ^ 0. Point q € B has representation (y,q e ) in 
map V e and representation (y,qs) in map Vg. Therefore, 

Pa = f a p(pp) 
<7e = 9es(qs) 

When we move from map U a to map Up and from map V e to map Vg, representation 
of correspondence changes according to the law 

(x,y,p a ,q e ) = (x,y,f a p(pp),9,s(qs)) 
This is consistent with the transformation when we move from map U a x V t to map 
Up x Vg in the bundle A x B. 

Theorem 4.6. Let transition functions f a p determine fibered J- -algebra p[A] : A >- M 

over base M. Then transition functions f a f} are homomorphisms of J- -algebra A. 

Proof. Let U a G M and Up € M, U a ("1 Up ^ be neighborhoods where fibered T- 
algebrap[A| is trivial. Let 

(4.4) a = fp a (a a ) 
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be map from bundle into bundle p[A]|(/a. Let ui be n-ary operation and 

points ei, e n belong to fiber A x , x G U\ n U2. Suppose 

(4.5) e = uj(ei,...,e n ) 

We represent point e £ p[A]\u a a s (x,e a ) and point eipL4]|[/ a as (x, ei a ). We 
represent point e E p[-A]|u-g as (x,ep) and point G pfAJI^ as (a;, e^). According 
to (4.4) 

(4.6) e,g = f/3 a (e a ) 

(4.7) e i/3 = fp a {ei a ) 

According to (4.5), the operation in the bundle A x over neihgborhood Up is 

(4.8) ep = w(ei/3, e n/3 ) 
Substituting (4.6), (4.7) into (4.8) we get 

f/3a{e a ) = u(ff3 a (ei a ), f/3a(e na )) 

This proves that fp a is homomorphism of ^-algebra. □ 

Definition 4.7. Let p[A] : A >■ M and p'[A') : A' ^ M' be two fibered 

jF-algebras. Bundle map 

/ : A - A 1 

is called homomorphism of fibered J^-algebra if respective fiber map 

fx '■ A x > A x , 

is homomorphism of ^-algebra A. □ 

Definition 4.8. Let p[A] : A > M and p'[A'] : A' > M' be two fibered 

JF-algebras. Homomorphism of fibered JF-algebras / is called isomorphism of 
fibered ^"-algebras if respective fiber map 

fx '■ A x — > A x , 

is isomorphism of JT-algebra A. □ 

Definition 4.9. Let p[A] : A >■ M be an ^-fibered F-algebra and A' be T- 

subalgebra of the jF-algebra A. An fibered JF-algcbra p[A'] : A' *■ M is a 

fibered JF-subalgebra of the fibered ^-"-algebra p[A] if homomorphism of fibered 
JF-algebras A' — > A is fiber embedding. □ 

The homomorphism of fibered JF-algebra is essential part of this definition. We 
can break continuity, if we just limit ourselves to the fact of the existence of T- 
subalgebra in each fiber. 

We defined an operation based reduced Cartesian product of bundles. Suppose 
we defined an operation based Cartesian product of bundles. Then the operation 
is defined for any elements of the bundle. However, since p(ai) = p(bi), i = 1, 
n, then p(tu(ai, a n )) — p(cj(bi, b n )). Therefore, the operation is defined 
between fibers. We can map this operation to base using projection. This structure 
is not different from quotient ^"-algebra and does not create new element in bundle 
theory. The same time mapping between different maps of bundle and opportunity 
to define an operation over sections create problems for this structure. 
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5. Representation of Fibered JF-Algebra 
Definition 5.1. Wc call the fibered map 

t:£—>£ 

transformation of bundle, if respective fiber map 

• E x * E x 

is transformation of a fiber. □ 

Theorem 5.2. Let U be open set of base M such that there exists a local chart of 
the bundle p[E]. Let t be transformation of bundle p[E]. Let x £ M and p' = t x {p) 
in fiber E x . Then for an open set V C M , x € V and for an open set W C E, 
p' G W there exists an open set W C E such that if x\ £ V , p\ £ W , then 

p'i=txM e w. 

Proof. According to [8], page 44, sets V x W, where V forms base of topology of 
space U and W forms base of topology of space E, form base of topology of space 
£. 

Since map t is continuous, then for open set V x W' there exists open set V x W 
such, that t(V x W) C V x W'. This is the statement of theorem. □ 

Theorem 5.3. Transformation of bundle p[E] maps section into section. 

Proof. We define the image of section s over transformation t using commutative 
diagram 

£ *- ^£ 



M 

Continuity of map s' follows from theorem 5.2. □ 

Definition 5.4. Transformation of bundle is left-side transformation or T-h- 
transformation of bundle if it acts from left 

u = tu 

We denote *£ or *p[E] or the set of nonsingular T*-transformations of bundle 
p[E]. □ 

Definition 5.5. Transformations is right-side transformations or *T-trans- 
formation of bundle if it acts from right 

u = ut 

We denote £* or p[A]* the set of nonsingular ★T-transformations of bundle p[E] . □ 
We denote e identical transformation of bundle. 

Since wc define T*-transformation of bundle by fiber, then set *p[E\ is bundle 
isomorphic to the bundle p[*E}. 

Definition 5.6. Suppose we defined the structure of fibered JT-algebra on the set 
*p[A] ([2]). Let p[B] be fibered JF-algcbra. We call homomorphism of fibered T- 
algebras 

(5.1) / : p[B] -» *p[A] 

left-side representation or T*-representation of fibered JF-algebra p\B] . □ 
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Definition 5.7. Suppose we defined the structure of fibered .F-algebra on the set 
p[A\* ([2]). Let p[B] be fibered JF-algcbra. We call homomorphism of fibered T- 
algebras 

f:p[B\^p[A]* 

right-side representation or *T-representation of fibered JF-algebra p[B]. 

□ 

We extend to bundle representation theory convention described in remark [3]- 
2.2.14. We can write duality principle in the following form 

Theorem 5.8 (duality principle). Any statement which holds for Ti> -representation 
of fibered T -algebra p[A] holds also for *T -representation of fibered T -algebra p\A\. 

There are two ways to define a T*-representation of J-"-algebra B in the bundle 
p[A]. We can define or T*-representation in the fiber, either define Tit-represen- 
tation in the set r(p[A]). In the former case the representation defines the same 
transformation in all fibers. In the later case the picture is less restrictive, however 
we do not have the whole picture of the diversity of representations in the bundle. 
Studying the representation of the fibered ^"-algebra, we point out that representa- 
tions in different fibers are independent. Demand of smooth dependence of trans- 
formation on fiber put additional constrains for T*-representation of fibered T- 
algebra. The same time this constrain allows learn T*-representation of the fibered 
J-"-algebra when in the fiber there defined JF-algebra with parameters (for instance, 
the structure constants of Lie group) smooth dependent on fiber. 

Remark 5.9. Using diagrams we can express definition 5.6 the following way. 




Map F is injection. Because we expect that representation of fibered jT-algebra 
acts in each fiber, then we see that map F is bijection. Without loss of generality, 
we assume that M = M' and map F is the identity map. We tell that we define 
the representation of the fibered ^-"-algebra p[B] in the bundle p[A] over the set M. 
Since we know the base of the bundle, then to reduce details on the diagram we 
will describe the representation using the following diagram 




M 



□ 
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Definition 5.10. Suppose map (5.1) is an isomorphism of the fibered JF-algebra 
p[B] into Then the T*-representation of the fibered ^-algebra p[B] is called 

effective. □ 

Remark 5.11. Suppose the T-k- representation of fibered .T 7 - algebra is effective. Then 
we identify an element of fibered jF-algebra and its image and write T*-transfor- 
mation caused by element a € A as 



Suppose the *T-representation of ^-algebra is effective. Then we identify an el- 
ement of fibered .F-algebra and its image and write *T-transformation caused by 
element a 6 A as 

V = va 

□ 

Definition 5.12. We call a T*-representation of fibered ^F-algebra transitive if 

for any a, 6 S V exists such g that 

a = f(g)b 

We call a T*-representation of fibered JF-algcbra single transitive if it is transitive 
and effective. □ 

Theorem 5.13. T-k-representation is single transitive if and only if for any a,b S 
M exists one and only one g G A such that a = f(g)b 

Proof. Colorary of definitions 5.10 and 5.12. □ 
6. Representation of fibered group 

Definition 6.1. Let p\G] : Q *■ M and p'[G'} :Q' *- M' be two fibered 

groups. Bundle map 

f-G^G' 

is called homomorphism of fibered groups if respective fiber map 

fx '■ G x — > G x , 

is homomorphism of groups. □ 

Definition 6.2. Let p\G] : Q ^ M and p'[G'} : Q' ^ M' be two fibered 

groups. Bundle map 

f:G->G' 

is called antihomomorphism of fibered groups if respective fiber map 

fx '■ G x — > G xl 

is antihomomorphism of groups. □ 
Definition 6.3. Let p[G] be fibered group. We call map 

(6.1) / : p[G] - *p[A] 

T*-representation of fibered group p[G] in bundle p[A] if map / holds 

(6.2) f(ab)» = f(a)(f(b)ri 



(6-3) /(e) = 

13 



□ 
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Definition 6.4. Let p[G] be fibered group. We call map 

(6.4) f:p[G]^p[AY 

★T-representation of fibered group p[G) in bundle p[A] if map / holds 

(6.5) nf(ab) = (Hf(a))f(b) 

(6.6) /(e) = e 



□ 



Theorem 6.5. For any a £ p[G] 

(6.7) /(a" 1 ) =/(a)- 1 
Proof. Since (6.2) and (6.3), we have 

[i = e/i = f{aa^ 1 )p, = f(a)(f(a^ 1 )fi) 
This completes the proof. □ 
Theorem 6.6. Let *p[A] be a fibered group with respect to multiplication 

(6.8) (tit 2 )M = *i(M 

and e be unit of group *p[A\. Let map (6.1) be a homomorphism of fibered group 

(6.9) f(ab) - f(a)f(b) 

Then this map is representation of fibered group p[G] which we call covariant T-k- 
representation of fibered group. 

Proof. Since / is homomorphism of fibered group, we have /(e) = e. 
Since (6.8) and (6.9), we have 

f(ab) l x = {f{a)f(b)) l x = f{a)(f{b) l j) 

According definition 6.3 / is representation of fibered group. □ 

We use following diagram to represent covariant T*-represcntation of fibered 
group on the bundle 

£ 



f(°.b) 
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Theorem 6.7. Let *p[A] be a fibered group with respect to multiplication 

(6.10) (i 2 *i)M = *i(M 

and e be unit of fibered group *p[A]. Let map (6.1) be an antihomomorphism of 
fibered group 

(6.11) f(ba) = f(a)f(b) 

Then this map is representation of fibered group p[G] which we call contravariant 
T-k- representation of fibered group. 

Proof. Since / is antihomomorphism of fibered group, we have /(e) = e. 
Since (6.10) and (6.11), we have 

f(ab)fi = (f(b)f(a))fi = f(a)(f(b)fx) 

According definition 6.3 / is representation of fibered group. □ 

Example 6.8. The group composition on fibered group determines two different 
presentations on the fibered group: the T*-shift on the fibered group which we 
introduce by the equation 

(6.12) b' = a*b = ab 

and the ★T-shift on fibered group which we introduce by the equation 

(6.13) b' = b*a = ba 

□ 

Example 6.9. Let p[GL] be bundle over set of real numbers. Given the matrix 
A, we can define section a(t) = exp(tA), and this section will cause respective T-k- 
shift. 

Definition 6.10. Let / be representation of fibered group p[G] in bundle p[A}. For 
any cut u of bundle p[A] we define its orbit of representation of fibered group 

as set 

0(u,g G T(p[G])J(g)u) = {v = f{g)u : g G T(p[G])} 

□ 

Since /(e) = e we have u G 0(u,g G T(p[G]), f(g)u). 
Theorem 6.11. Suppose 

(6.14) v€0(u,geT(p[G})J(g)u) 
Then 

0(u,g G T(p[G])J(g)u) = 0(v,g G T(p[G\), f(g)v) 
Proof. From (6.14) it follows that there exists /j, G r(p[G]) such that 

(6.15) v = f(fx)u 

Suppose 6 G 0{v,g G T(p[G\), f(g)v). Then there exists v G T(p[G}) such that 

(6.16) S = f(u)v 
If we substitude (6.15) into (6.16) we get 

(6.17) 8 = f{v)f(p)u 
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Since (6.2) we see that from (6.17) it follows that 6 E 0{u l9 e T(p[G]), f(g)u). 
Thus 

0(v,g G T(p[G]),f(g)v) C 0(u,g G T(p[G]), f(g)u) 
Since (6.7), we see that from (6.15) it follows that 
(6.18) u = f(n)- 1 v = f(n- 1 )v 

From (6.18) it follows that u G 0(v,g G T(p[G]), f{g)v) and therefore 

0(u,g G r(p[G]),f(g)u) C 0( Wj5 G r(p[G]),/(g)«) 
This completes the proof. □ 
Let us define the representation of group G on the bundle 

p[A] : £ >■ M 

Since we call the representation transitive, then orbit of a point is the manifold £ . 
In the case of representation of fibered group p[G] the orbit of a point is the fiber 
the point belongs to. 

Theorem 6.12. Suppose fa is representation of fibered group p[G] in bundle p[A\] 
and $2 is representation of fibered group p[G] in bundle p[A 2 ]. Then we introduce 
direct product of representations f\ and fa of fibered group p[G) 

f = h®fa:p[G] ^p[A x )®p[A 2 ] 

f{9) = {h{g),h{g)) 

Proof. To show that / is representation it is enough to prove that / satisfy to 
definition 6.3. 

/(e) = (/i(e),/a(e)) = (ei,ea) = e 

f(ab)u = (fi(ab)u!, fa(ab)u 2 ) 

= (h(a)(f 1 (b)u 1 ),fa(a)(fa(b)u 2 )) 
= f(a)(f 1 (b)u 1 ,fa(b)u 2 ) 
= /(«)(/(&)«) 

□ 

7. Single Transitive Representation 

Definition 7.1. We call kernel of inefficiency of representation of fibered 
group p[G] a set 

K f = {g e r(p[G\) : f(g) = e} 
If Kf = {e} we call representation of fibered group G effective. □ 

Theorem 7.2. A kernel of inefficiency is a subgroup of fibered group G. 

Proof. The proof does not depend on whether we use covariant representation or 
contravariant representation. Assume / is covariant representation and /(cti) = S 
and f(a 2 ) = 5. Then 

/(oio 2 ) = /(ai)/(a 2 ) = S 
f(a- 1 ) = r 1 (a) = S 

□ 



16 



Aleks Kleyn 
Fibcrcd T-Algebra 



Theorem 7.3. Representation is single transitive if and only if for any a,b 6 
r(p[A]) exists one and only one g G p[G] such that a = f{g)b 

Proof. Statement is colorary of definitions 5.10 and 7.1 and of the theorem 7.2. □ 

Definition 7.4. We call a bundle p[A] homogeneous bundle of flbered group 

p[G] if we have single transitive representation of fibcred group p[G] on p[A]. □ 

Theorem 7.5. If we define a single transitive T-k-representation f of the fibered 
group p[G] on the bundle p[A] then we can uniquely define coordinates on p[A] using 
coordinates on the fibered group p[G\. 

If f is a covariant single transitive representation than f(a) is equivalent to the 
left shift a-k on the fibered group p[G] . If f is a contravariant single transitive 
representation than /(a) is equivalent to the right shift -ka on the fibered group p[G\. 

Proof. The representation of the fibered group p[G] in the bundle p[A] is single 
transitive iff the representation of the group G in the fiber A x for any x is single 
transitive. Let representation / of the fibcred group p[G] be a covariant single 
transitive representation. Let u, v be sections of the bundle p[A]. and x G M. 
According to theorem [3J-3.4.5 we get the only element g x G G such that 

u{x) = f{g x )v{x) = g x v(x) 

a contravariant single transitive representation Thus the map x — ► g x is the section 
of the fibered group p[G]. 

The same way we prove the statement for a covariant single transitive represen- 
tation. 

To prove the first statement, we need to select the map on the manifold M, where 
both bundles are trivial. Then we can represent coordinates of the point u G p[A] 
as tuple of coordinates (x, y) where x are coordinates of projection to the manifold 
M and y are coordinates of the point in the fiber. We can represent coordinates 
of the point a G p[G] as tuple of coordinates (x, g) where x are coordinates of 
projection to the manifold M and g are coordinates of the point in the group. 
Respectively, coordinates of the section of the bundle p[A] are the map y : M — > A, 
and coordinates of the section of the bundle p[G) are the map y : AI — > G. 

We select a section v G T(pL4]) and define coordinates of a point w G T(pL4]) 
as coordinates of a G p[G) such that w = f(a)v. Coordinates defined this way 
are unique up to choice of an initial section v G T(pL4]) because the action is 
effective. □ 

Remark 7.6. We will write effective T*-covariant representation of the fibcred group 
p[G] as 

v' = a-kv = av 

Orbit of this representation is 

p[G]v=p[G]*v 

□ 

Remark 7.7. We will write effective *T-covariant representation of the fibered group 

p[G] as 

v' = v -k a — va 

Orbit of this representation is 

vp[G] = v -kp[G] 
17 
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□ 

Theorem 7.8. Left and right shifts on the fibered group p[G] are commuting. 
Proof. This is the consequence of the associativity on the fibered group p[G] 
(a*-kb)c = a(cb) = (ac)b = (*b a*)c 

□ 

Theorem 7.9. If we defined a single transitive covariant T-k-representation f of the 
fibered group p[G] on the bundle p[A] then we can uniquely define a single transitive 
covariant -kT -representation h of the fibered group p[G] on the bundle p[A] such that 
diagram 




is commutative for any a, b € T(p[G]). 

Proof. Let / be a single transitive covariant T*-represcntation. In each fiber A x 
the representation / defines a single transitive covariant T*-representation f x of 
group G. According to theorem [3J-3.4.10 in fiber A x we uniquely define a single 
transitive covariant *T-representation h x comutable with representation f x . For a 
section a 6 T(p[G}) we define the section 

h(a) : x — > h x (a) 

Map h is homomorphism of fibered group. □ 

We call representations / and h twin representations of the fibered group 

P[G}. 
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PaccjioeHHaa JT-ajire6pa 

AjiexcaHflp KjieftH 



Ahhotai|H3. rioHHTiie J-"-ajire6pH h ee npeflCTaBjieHHa mojkbt 6biTb nepeHe- 
ceHO Ha npoH3BOjibHoe paccjioeHHe. OnepairnH paccjioeHHoii •7-"-ajire6pbi onpe- 
flejieHM nocjioiiHO. B CTaTbe paccMOTpeHa Teopna npeflCTaBjieHHii paccjioeH- 
Hoft ^-"-ajire6pbi, a Taicace npc-BefleHO cpaBHemie npeflCTaBjieima JF-ajire6pBi h 
npeflCTaBjieHHa paccjioeHHoii jF-ajire6pbi. 



Teopna npeflCTaBJieHHH ajire6pbi HMeeT ^jiHHHyio h 6oraTyio hctophio. Ha npo- 
THJKeHHH XX CTOJieTHfl Teopaa npe,ncTaBJieHHH CTajia HeoT-beMJieMoii lacTbio mho- 
riix npnjiojKeHHH. nepexo/i; ot ajire6pbi k paccjioeHHoii ajire6pe OTKpbiBaeT HOBbie 
B03MOJKHOCTH. 51 npe,a;npHHflji nonMTKy HanncaTb 3Ty CTaTbio c nejibio yBH,a;eTb 
HOBbie CBoiicTBa paccjioeHHoii ajire6pbi. 

Tax KaK ceHeHHH paccjioeHHii MoaceT 6biTb He onpe^ejieHO Ha bcSm paccnoe- 
hhi, Bee yTBepjK^eHHfl npe,n,nojiaraiOT HeKOTopyro o6nacTb onpe^ejieHRH. Ilo^o6- 
Hbie yTBepjK^eHHH ctpohtch no o6pa3iiy yTBepjKfleHHfl o cymecTBOBaHHH tphbh- 
ajibHoro KacaTejibHoro paccjioeHaa Ha MHoroo6pa3HH. 

OflHaKO cymecTByeT jjpyraa rpynna yTBep^K^eHUH , orpaHHHHBaromHx o6jiacTb 
onpe^ejieHHH paccjioeHHoii .7 r -ajire6pM. B TeKCTe npiiBe^eHbi cooTBeTCTByioirnie 
npHMepbi. ^aHHaa CHTyaiiHH cbo^,htch k cjie,n,yioiiieMy. 

Ilpeo6pa30BaHHe cjioh npn napajuiejibHOM nepeHOce npe,nnojiaraeTCH B3aiiMHO 
OflHOSHaHHMM OTo6pa»ceHHeM. HenpepbiBHO nepeMemaacb B,n,ojib 6a3bi, mm Henpe- 
Pmbho nepexo,HHM ot cjioh k ,a;pyroMy. IIpe,zinojio:<KeHHe, hto OTo6pa»ceHHe Mex- 
,ny cjiohmh flBJiaeTCH roMeoMop(pH3MOM, rapaHTHpyeT HenpepbiBHyio .necpopMaiiiiio 

CJIOH. 

Ecjih mm Bbi6epeM TOHKy b cjioe, to ee TpaeKTopna npii JiBHJKeHHH npoeianiH 
Bflojib 6a3bi 6yfleT napajiejibHa 6a3e. B flncjjcpepeHiniajibHoii reoMeTpim no,a;o6Hbie 
KpHBbie Ha3MBaiOTCH ropH30HTajibHMMH. Mm Tax »ce 6y,n,eM npHflepjKHBaTbCH SToro 
TepMHHa. 

Ecjih mm npe,nnojiaraeM Ha cjioe CTpyKTypy J-"-ajire6pM, to cooTBeTCTByromee 
OTo6pajKeHHe ^ojijkho 6biTb H30MopcpH3MOM .7 r -ajire6pM. HenpepMBHOCTb n03BO- 
jiaeT coxpaHHTb npn napajuiejibHOM nepeHOce H3yHaeMbie KOHCTpy kiihh , c,n,ejiaTb 
nepexo,n; ot cjioh k cjioio npaKTHnecKH He3aMeHTHMM. 

3ia KapTHHa xopomo pa6oTaeT b MajiOM. Kor,a;a mm nepexo/niM k koh6hhmm 
OTpe3KaM Ha 6a3e, HenpepMBHOCTb CTaHOBHTCH OTBeTCTBeHHoii 3a to, ito mm He 
MO»ceM npo^jiHTb CTpyKTypy J r -ajire6pM CKOJib yro^iHO ^ajieito. HanpHMep, MoryT 

nOHBHTbCH TO^KH, TJIfi rOMeOMOp(pH3M MOJKET 6bITb HapyHieH. 3TO npOHCXOflHT, 

Kor,o;a nepecexaiOTCH ropH30HTajibHbie KpHBbie hjih h3M6hhiotch TonojiorHnecKHe 
CBoiicTBa cjioh. CooTBeTCTByroiiniH cjioii mm Ha3MBaeM Bbipo:s<:,zi,eHHMM, a ero npo- 

eKIIHIO - TOHKOH BbipOJK^eHHH. 



Key words and phrases. flHcpcpepemniajibHaa rec-MeTpHa, paccjioeHna, ajire6pa. 
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AjiexcaHflp Kjieira 
PaccjioeHHaa T-ajire6pa 



Bonpoc o tom, k£lk MHoro ToneK BbipoHc^eHHH, BOo6m,e roBopa, HenpocToii. Hh- 
TyHTHBHO hcho, hto 3to MHOJKecTBO HeBejiHKO no cpaBHeHHro c 6a3oii. TeM He Me- 

Hee, 3TO MHOJKeCTBO MOJK6T OKa3aTbCfl CyiI],6CTB6HHbIM flJIH H3yHeHHH reOM6TpHH 

paccjioeHHH hjih (pH3HHecKHx nponeccoB, CBA3aHHbix c 3thm paccjioeHHeM. 

K no,a;o6HbiM hbjighhhm b TeopHH jjncpcpepeHHHajibHMx ypaBHeHHii othochtch 3a- 
flana npo,a;jieHHH pemeHHH ^HCpcpepeHiniajibHoro ypaBHeHHH. B TO»ce BpeMH, flHCp- 
cpepeHiniajibHoe ypaBHemie MoaceT HMeTb ^Ba una peineHHH. PerynapHoe pemeHHe 
npHHafljiejKHT HexoTopoMy ceMeiicTBy (pyHKiniii, 3aBHCHinHx ot npoH3BOJibHbix no- 
ctohhhmx. Oco6oe pemeHHe HBJifleTca orn6aioineH ceMeiicTBa perynapHbix peine- 

Hlfl. 

Sa^ana onncaHHH cnoeB paccjioemin, He3aBHCHMO ot Toro Bbipo}Kjj;eHM ohh hjih 
HeT, HMeeT HHTepecHoe pemeHHe. J1io6oh nyTb Ha 6a3e paccjioeHHH HBjiaeTCfl oto6- 
pa»ceHHeM OTpe3Ka / = [0, 1] b 6a3y paccjioeHHH. Mm MonceM npe,nxiojio;<KHTb, hto 
cjioh paccjioeHHH He roMeoMopcpHM, ho roMOTonHbi. 

Tpynna tojiohomhh paccjioeHHH TaKHce HaKjia,n;biBaeT orpamineHHe Ha CTpyx- 
Typy paccjioeHHoii ^"-ajireGpbi A = p[A]. EcTecTBeHHO npe,n;nojioJKHTb, hto npn 
napajiJiejibHOM nepeHOce mm roMOMopcpHO OTo6pa»caeM JF-ajire6py H3 o,a;Horo cjioa 
b ^pyroii. Cjie/i,OBaTejibHO, npe,axiojiaraeTCH, hto npeo6pa30BaHHe, nopoacfleHHoe 
napajiJiejibHMM nepeHOCOM B^ojib 3aMKHyToro KOHTypa hbjihbtch roMOMop<pH3MOM 
,F-ajire6pM. TaxnM o6pa30M, Bee xoponio, ecjin rpynna rojiOHOMHii paccjioeHHH A 
HBjiiieTCH noflrpynnoii rpynnbi roMOMop(pH3MOB JF-ajire6pM A. B stom cnynae mm 
6ya;eM Ha3MBaTb paccjioeHHyio ^-ajire6py A tojiohomhoh. B iipothbhom cnynae 
mm 6yn;eM Ha3MBaTb paccjioeHHyio J-"-ajire6py A HerojiOHOMHoii. 

H3 Teopiiii BeKTopHMx paccjioeHnii H3BecTHO, hto He He BCHKaa paccjioeHHaa 
,F-ajrre6pa HBJineTCH tojiohomhoh. B TO»ce BpeMH, Teopna BeKTopHMx paccjioeHnii 
npe,a;jiaraeT peiienT kjikhm o6pa30M mm mojkem pa6oTaTb c HerojiOHOMHoii paccjio- 
eHHOH JF-ajire6pon. 

9to saMenaHne othochtch Taitsce k TeopHH npe,n;cTaBjieHHfl paccjioeHHoii F-aji- 
re6pbi. 

Hto6m cjjejiaTb HOBbie KOHCTpyioniH 6ojiee Harjifljj,HMMH, a CTpoio cooTBeTCTBy- 
Minne jjnarpaMMM. 

06o3HaneHHH onepannH h OTHonieHHii no bo3mojkhocth coxpaHHiOTCH xax ohh 
BBe^eHM b TeopHH MHoacecTB. 9to He npHBO,a;HT k He^opa3yMeHHHM, Tax Kax 060- 
3HaneHHH paccjioeHHH otjihhhm ot o6o3HaneHHH MHoacecTB. ^Jin o6o3HaneHHH pac- 
cjioeHHH h cjioh h 6yjj,y nojib30BaTbca o,h,hoh h toh nee 6yKBoii b pa3Hbix ajnpaBHTax. 

IlpoeKH,HH paccjioeHHH, ceneHne, Mop<pH3M paccjioeHnii npe,axiojiaraiOTCfl Henpe- 

PMBHMMH 0T06pa>KeHHflMH. 



paccjioeHne Ha,a; M co cjioeM E. 1 Chmbojip[-E] 03HanaeT, hto E hbjihctch thhhhhmm 
cjioeM paccjioeHHH. Mhojk6ctbo £ HBjineTCH o6jiacTbio onpeflejieHnn OTo6pa»ceHHfl 
p[E\. MHO»cecTBO M HBJiaeTCfl o6jiacTbio 3HaneHHH OTo6pa»ceHHH p[E\. Mm 6yn,eM 

^TaK KaK MHe npH^eTca hmgtb flejio c pa3jiHiHMMH paccjioeHHaMH, a 6yfly nojib30BaTbca 
cjie^yfomHM corjianieHneM. ,H,Jia o6o3HaneHHa paccjioeHna h cjioa a 6y r o;y noji&30BaTbca o^hoh h 
toh ace 6yKBoii b pa3HBix aji4>aBHTax. 



1. PACCJIOEHHE 



^onycTHM M - MHoroo6pa3ne h 




p[E] : £ ^ M 



2 



AjiexcaH^p KjieHH 
PaccnoeHHaa T-&jire6pa 



OTOJKflecTBjiHTb HenpepMBHoe OTo6pa>KeHHe p[E] h pacanoeHne (1.1). 06o3HaHHM 
nepes T(p[E]) mhojkgctbo ce^eHHii paccjioeHHH p[E}. 

/JeicapTOBa CTeneHB A MHO»cecTBa B - sto mho>k6ctbo B a OTo6pa>KeHHH 
/ : A — > B ([5], CTp. 18). PaccMOTpiiM no^MHOJKecTBa B A BH^a 

W K ,u = {f:A-> B\f(K) c U} 

Tjifi K - KOMnaKTHoe iio^mhojkgctbo npocTpaHCTBa A, U - OTKpbiToe no,o;MH(»Ke- 
ctbo npocTpaHCTBa B. MHoacecTBa Wk,u o6pa3yiOT 6a3HC TonojiorHH npocTpaH- 
CTBa B A . 3t& Tonojiorna Ha3MBaeTCH KOMnaKTHO-OTKpbiToii TonojiorneH. ^e- 
KapTOBa CTeneHb A MHOJKecTBa B, CHa6»ceHHaH KOMnaKTHO-OTKpMTOH Tonojioriieii 
Ha3biBaeTCH, npocTpaHCTBOM OTo6paHceHHH ([6], CTp. 213). 

CorjiacHO [6], CTp. 214 fljia flaHHbix npocTpaHCTB A, B, C, D h OTo6pa»ceHHH 
/ : A — > C, g : D — > B mm onpeflejiHM Mop<pH3M npocTpaHCTBa OTo6pa»ceHHH 

gf : D c -> B A 

paBeHCTBOM 

g f (h) = fhg h:C^D gf \h) :A -+ B 

TaKHM o6pa30M, MopcpiOM npocTpaHCTBa OTo6pa:sceHHH mojkho npe,a;cTaBHTb c no- 
MOinbio flnarpaMMbi 




MlJOJKeCTBO r(£) HBJIfleTCH IlO^,MHO}KeCTB0M MHOJKeCTBa £ . IIoSTOMy Mbl MO- 

jk6m nepeHecTH Ha MHoacecTBO ceneHHii noKHTHfl, onpe^ejieHHbie ,h,jih npocTpaHCTBa 
OTo6pa»ceHHH. MHO»cecTBa Wk,u mm onpeflejiHM cjie,n;yioinHM o6pa30M 

W K ,u = {feT(£)\f(K)cU} 

T^e K - KOMnaKTHoe no^MHOJKecTBO npocTpaHCTBa M, U - OTKpbiToe no^MHOJKe- 
ctbo npocTpaHCTBa £ . 

3aMenaHue 1.1. 51 ncuib3yiocb CTpejiKoii > Ha ^niarpaMMe pjin o6o3HaHeHHH 

npoexuHH paccjioeHHH. □ 

3aMenanue 1.2. 51 nojib3yiocb CTpejiKoii ■>■ Ha ^narpaMMe pjm o6o3HaHeHHH 

ce^eHHH paccjioeHHH. □ 

IlycTb / - Mop(pH3M paccjioeHHH £ b £' 

£ >£' 

I I 

\p[E] \p'[E'] 
V F V 

M »- M ' 

O To6p a>KGHHG F Ha3MBaeTCM 6a3oft oTo6pa)KeHHfl /. OTo6pa»ceHHe Ha3MBaeTca 
jiHtpTOM OTo6pa»ceHHH F. 
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AjieKcaH/ip KjieHH 
PaccnoeHHaa J--ajire6pa 



Ecjih OTo6pa»ceHHe F - 6iieKn,iia, to OTo6pa»ceHHe / onpeflejiaeT Mop(pii3M f F 
npocTpaHCTB ce^eHHii T(p[E])) b T(p'[E'])) 



£ 

A 



f 



■£' 

A 



u' = f F - 1 (u)=fuF- 1 



M 



M' 



HTo6bi ,a;oKa3aTb HenpepMBHOCTb u', ^ocTaTO^HO flOKa3aTb HenpepbiBHOCTb F^ 1 . 
Ho 3to OHeBHflHO, Tax kbr F HenpepMBHaa 6iieKnHH. 

Ecjih F = id, to id 1 = id. IIosTOMy MopcpH3M npocTpaHCTB ceHeHHii mm 6yn,eM 
o6o3HaHaTb / ld . O^eBimHO 

f d (u) = fu 

2. ^EKAPTOBO nPOH3BEflEHHE PACCJIOEHHH 

3aMenaHue 2.1. IlycTb A\ x ... x A n HBJiaeTCH flexapTOBbiM npoii3Be^,eHiieM mho- 
»cecTB Ai, A n 

A 1 x ... x A„ 



A 1 





An 



CorjiacHO [1] OTo6pa»ceHHe 

/ : A-> Ai x ... X A n 
mojkho npe^CTaBHTb b dpopMe KopTe»ca / = (/i, f n ), r/ie /j = fpt 

f 

A\ x ... x A Ti 




□ 

/^onycTHM pi [Sj] : £i > Mi , i = 1, n - ceMeiicTBO paccjioeHHii. JXpsi Ka»c- 

,Horo i nycTb 3a,n;aHO noKpbiTiie {Ui ai } 6a3M Mi Taxoe, hto .hjth jno6oro Ui ai cy- 
mecTByeT jioKajibHaa TpnBnajiH3anii5i ifi ai paccjioeHHH pi[£i] 



Ui n - x Ei 



£, 



i I Ui, 



Onpe,n;ejieHHe 2.2. ^Jia npoH3BOJibHoii tohkh Xj £ Mi Bbi6epeM OTKpbiToe mho- 
»cecTBO J/ictj, i = 1, n Taxoe, hto Xi £ Ui ai . Mm MoaceM npe^CTaBHTb TOiKy 
MHO»cecTBa £i\u ia . b BH^e KopTe»ca (:Ei,ai), Xi £ E^i Qi , a,; £ Si. ^Jia KopTe»ca 
a = (ai, ...,a n ) paccMOTpHM TpHBHajibHoe paccjioeHHe 

e a '. £ a — — >■ U a = U± ai x ... x U nan 



AjiexcaH^p KjieHH 
PaccnoeHHaa T-&jire6pa 



sjigmghtclmh KOToporo aBjiHiOTca KopTe>KH (x±, x n , Oi, a n ) . CjioeM SToro pac- 
cjioeHHH ABjiaeTCH ,a;eKapTOBbiM iipoii3bg^ghhgm n™ =1 -Ei- Ba3a paccjioeHHH hbjih- 
eTCfl flexapTOBbiM npoH3Be,a;eHHeM Yi^i ■ D 

HenpepbiBHOCTb npoeKUHH 3Toro paccjioeHHH cjie^yeT H3 cjie^CTBHH 1 npe^jio- 
JKeHHH 1 ([8], CTp. 59). 

HtoGm onpe^ejiHTb paccjioeHne Ha,a; MHoroo6pa3HeM Yli=i Mi, mm ^ojijkhm onpe- 
flejiHTb (pyHKUHH CKjieiiBaHiifl. IlycTb 3a,a;aHbi (pyHKHHH CKjieHBaHHH V'iQift paccjio- 
eHHH pi [Ei] 



(pi.i'iciPi) 

U i0i x Ei 



£ 



i I Ui, 



£ 



EcjIH UadUp ^ 

flnarpaMMoii 



to mm onpe,a;ejiiiM CKjieHBaiomee OTo6pa»ceHHe, nojib3yncb 



U a x Ei x ... x E n 
Up x Ei x ... x E n 



id 



id 



■£\u a 
■£\u 



PaccjioeHHe 

n 

Pi[Ei] x ... x Pn [E n ] = Y[pi[Ei] = p[Uti Ei] :£--*■ M 



i=l 



Ha3biBaeTCH ,n;eKapTOBB>iM npoH3Be,n;eHHeM paccjioeHHH Pi[Ei\. Mm 6ya,eM Tax- 
»ce roBopHTb, hto paccjioeHHoe npocTpaHCTBO £ HBJineTCH fleKapTOBbiM npoH3- 
BefleHHeM paccjioeHHtix npocTpaHCTB Ei h nojib30BaTbca o6o3HaneHHeM 



£ = E\ x ... x £„ 



lift 



3aMenaHue 2.3. CorjiacHO 3aMeHaHHio 2.1 ceneHne fleicapTOBoro npoH3Be,a;eHHH 
paccjioeHHii x ... x p n [E n ] mojkho npe^CTaBHTb b BH,a;e KopTeaca ceneHHii 

a = (oi, a n ). □ 

Mm 6yn;eM nojib30BaTbCH cjieflyiomHMH fliiarpaMMaMii rtlk npe,a;cTaBjieHHH jj;e- 
KapTOBoro npoH3Be,a;eHHH paccjioeHHii 

£ £ 



in 



X...X 



/ 

i 

Mi 



Mr, 



nr =1 



V 

Mi 



Ha ^HarpaMMe CTpejIKH, o6 r be r Z] 1 HHeHHbie 3HaKOM X HJIH JJ, CHMBOJIH3HpyK3T CTpen- 

Ky, cooTBeTCTByromyro npoeKHHH paccjioeHHH £. Uejib o6o3HaHeHHH - noxa3aTb 
CTpyKTypy OTo6pa»ceHHH. 



AjieKcaH/ip KjieHH 
PaccnoeHHaa J--ajire6pa 



B ,a;eKapTOBOM npoH3Be,a;eHHH paccjioeHHii onpe,a;ejieHO npoH3Be,a;eHHe jiio6bix 
flByx cjioeB. Kax Mbi yBimiiM HiDKe, Taxoe paccjioeHne BOcnpoH3BO,iiHT erpyKTypy 
6a3bi. 3to cymecTBeHHO orpaHHHHBaeT npHMeHHMOCTb flexapTOBa npoHSBe^emiH 
paccjioeHHii. 

3. IlPHBEflEHHOE flEKAPTOBO nPOH3BEflEHME PACCJIOEHHH 

Ecjih paccjioeHHH onpe,a;ejieHM Ha,n; o6iH,eii 6a3oii mm MOHteM H3MeHHTb onpe,n;e- 
jieHne ^exapTOBa npoH3Be^,eHHH paccjioeHHii. 

^onycTHM Pi[Ei] : Ei M , i = 1, n - ceMeiicTBO paccjioeHHii Hajj, MHoro- 

o6pa3neM M. J^Jin Ka»cjjoro i nycTb 3ajjaHO noKpbiTHe {Ui ai } 6a3bi M Taxoe, hto 
jj,jia jno6oro Ui ai cymecTByeT jioxajibHafl TpHBHajiH3an,HH fi ai paccjioeHHH pi [Ei] 

<Pia ■ 

Ui ai X E{ *-£i\U ia . 



Onpe^ejieHHe 3.1. JJflsi npoH3BOJibHoii tohkh x £ M Bbi6epeM OTKpbiTbie mho- 
»cecTBa Uion, i = 1, n Taxne, hto x £ Ui ai . Mm mohccm npe^CTaBHTb TOHKy 
MHOJKecTBa £i\u ia - B BHjj;e KopTeaca (x,a,i), x £ Ui m , a,i £ E%. fljiH KopTenca a = 

(eti, a n ) paccMOTpHM TpnBnajibHoe paccjioeHne p a : £ a >■ U a = DlLi Ui ai , 

ajieMeHTaMH KOToporo hbjihiotch KopTejKH (x, oi, ...,a„). CjioeM 3Toro paccjioeHHH 
HBjineTCH jjeKapTOBO npoH3Bejj;eHHe H"=i E%. Ba3a paccjioeHHH hbjihctch MHonte- 
ctbom U a . □ 

CorjiacHO onpe^ejieHHro nocTpoeHHoe paccjioeHne Ha,n, mhohcbctbom U a mojkho 
npe^CTaBHTb b BH^e 

n 

U a x Y[Ei 

i=l 

CorjiacHO [8], CTp. 58, ecjin U npHHafljiencHT 6a3ncy TonojiorHH npocTpaHCTBa U a , 
to U x Jir=i Ei npHHafljiejKHT 6a3ncy TonojiorHH npocTpaHCTBa E a . Ecjih U ot- 
KpMToe MHOJKecTBO npocTpaHCTBa M, to mm MOHteM npe;j;cTaBHTb mhojkcctbo U 
b BH^,e U = Ui^iUi, r,n,e Ui npHHa^jiejKaT 6a3ncy TonojiorHH npoerpaHCTBa M. 

CoOTBeTCTBeHHO, MHOJKeCTBO 

n 

p- 1 (U) = Uxl[E t 

i=l 

MOHceT 6biTb npeflCTaBjieHO b BH,a;e 

n 

p- 1 (U) = \J(U i xl[E i ) 

h HBjineTCH OTKpMTMM MHOHcecTBOM. Cjie^OBaTejibHO, npoeKHHH p a HBjineTCH Henpe- 
pMBHMM OTo6pa»ceHHeM. 



G 



AjiexcaH^p KjieHH 
PaccnoeHHaa T-&jire6pa 



HtoGm onpe^ejiHTb pacanoeHiie Hafl MHoroo6pa3neM M, mm flOJiJKHbi onpefle- 
jiHTb (pyHKiiHH CKjieiiBaHiifl. IlycTb 3a,a;aHbi (pyHKr(HH CKjieiiBaHira paccjioe- 
Hia Pi [Ei] 



£ 



i\Ui, 



Uicn x Ei 

Ecjih U a n Up ^ 0, to mm onpe^ejiiiM CKjieiiBaiomee OTo6pa»ceHHe, nojib3yacb 
fliiarpaMMofi 

i d 



U a x Ei x ... x E n 
Up x Ei x ... x £■„ 



Paccjioemie 

n 

Pl [£7i] ... 0p„[£„] = Op*[A] - P[Iir=i Ei]:£--^M 



i=l 

Ha3biBaeTCH npHBefleHHHM ,n;eKapTOBBiM npoH3Be,n;eHHeM paccjioeHnii pi [Ei] . 
Mm 6yn;eM TaKxce roBopnTb, hto paccjioeHHoe npocTpaHCTBO £ sbjihgtch npn- 
Be^eHHHM flexapTOBbiM npoH3Be^eHHeM paccjioeHHBix npocTpaHCTB £i h 

nojib30BaTbCH o6o3Ha x iGHHGM 

n 

£ = £lQ...Q£ n =Q)£i 

i=l 

3(iMeHaHue 3.2. CorjiacHO saMe^amiio 2.1 ce^eHHe npnBe,a,eHHoro ^eKapTOBoro 
npoH3BefleHHH paccjioeHnii pi [E{\ . . . (Dp n [E n ] mojkho npe^CTaBHTb b Bii,n,e KopTe»ca 
ceieHiB a= (ai,...,a n ). □ 

Mm 6yn;eM nojib30BaTbCH cjieflyiomHMH fliiarpaMMaMii pjin npe^CTaBjieHiiH npii- 
Be^eHHoro ,a;eKapTOBoro npoH3Be^;eHHH paccjioeHnii 

£ £ 

/ \ 
/ \ 
/ \ 
pi I 0...0 IP« 

\ / 
\ / 

M 



or=i 



y 

M 



Ha ^iiarpaMMe CTpejiKH, o6 r be^HHeHHbie 3HaKOM 0, cnMBOJiH3npyiOT CTpejixy, coot- 
BeTCTByromyK) npoeKipiH paccnoemiH £. Uejib o6o3Ha x ieHHfl - noxasaTb CTpyKTypy 
OTo6pa»ceHHfl. 

B npHBefleHHOM flexapTOBOM npoH3Be,n;eHHii onpe/iejieHO npoH3Be,iieHHe cnoeB 
Hafl 3aflaHHOH to^koh. 9to flejiaeT erpyKTypy npoH3Be,n;eHHfl 6oraHe. 
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AjieKcaH/ip KjieHH 
PaccnoeHHaa J--ajire6pa 



Onpe,n,ejieHHe 3.3. Jlflft n > mm onpe-flejiHM /jeicapTOBy CTeneHb paccjioe- 
HHa 2 

j p[E}° =id:M--^M n = 

I p[E] n = OlLi P[#] : £ ™ - - *" M n > 



□ 



4. PACCJIOEHHAH jF-AJirEEPA 



Onpe^ejieHHe 4.1. n-apHaa onepaiina Ha paccjioeHHH p[E] - sto Mop(pH3M 
paccjioeHHH 

/ :£ n ->£ 

n - 3to apHocTb onepaijHH. 0-apHaa onepannH - sto ceieHHe paccjioeHHH p[A] . □ 
Onepan,HH Ha paccjioeHHH MO»ceT 6biTb npe^CTaBJieHa ^narpaMMOH 

£» 

/ \ 

/ \ 



pi Q...Q p 

\ / 
\ / 

M M 

TeopeMa 4.2. Ilycmb U - omnpumoe MHOotcecmeo 6a3u M , u naU cyuificmeycm 
mpu6uajiu3av f UM, paccjioemui p[E] . Ilycmb x G M. Ilycmb u> - n-apuasi onepauxiM, 
na paccjioenuu p[E] u 

u(pi,...,p n ) =p 

e cjioe E x . Tozda cyuificmeymm omnpumue Muootcecmea V C U , W C E , W\ C 
Ei, W n C E n manue, nmo x EV , p <E W , pi G W\, p n G W n , u djw ah>6ux 
x' G V, p' G W n u7 cyuificmeymm p[ G Wi, G IV m manue, nmo 

e c/ioe . 

J^onasamejibcmeo. CorjiacHO [8], CTp. 58, MHoacecTBa BHjj,a x W, rjj,e npnHa^;- 
jiejKHT 6a3Hcy TonojiorHH npocTpaHCTBa U nW npHHajjjiejKHT 6a3ncy TonojiorHH 
npocTpaHCTBa E, o6pa3yiOT 6a3nc TonojiorHH npocTpaHCTBa £. AHajiorHHHO mho- 
»cecTBa BHfla V x W\ x ... x W n , ryje V npHHafljiejKHT 6a3ncy TonojiorHH npocTpaH- 
CTBa U h Wi, W n npHHa^jieacaT 6a3ncy TonojiorHH npocTpaHCTBa E, o6pa3yiOT 
6a3HC TonojiorHH npocTpaHCTBa £ n . 

Tax Kax OTo6pa»ceHHe u> HenpepbiBHO, to jj,jih OTKpbiToro MHO»cecTBa V x W 
cymecTByeT OTKpbiToe MHoacecTBO 5* C £ n Taxoe, hto ujS C V x W . IlycTb x' G V. 
Bbi6epeM npoH3BOJibHyio TOHKy (x' ,p') G u>S. Tbrjja cymecTByiOT Taxne p' x G E x i, 

p' n G E x ,, HTO 



2 IIocKOjibKy a paccMaTpHBaio onpeflejieHHe fleKapTOBoii CTeneHH paccjioeHHa tojibko b paM- 
Kax npHBe^eHHoro ^eKapTOBa npoH3Be#eHHa, a He Sy^y nojTB30BaTBca cooTBeTCTByfomnM npn- 
jiaraTejiBHBiM fljia CTeneHH. 3to 3aMeiaHHe cnpaBefljiHBO fljia Bcex nocjieflyronjHx onpeflejieHHii, 
CBa3aHHBix c ^eKapTOBOH CTeneHBio paccjioeHHa. 



s 



AjiexcaH^p KjieHH 
PaccnoeHHaa T-&jire6pa 



b cjioe E x i. CorjiacHO CKa3aHHOMy BMine cyinecTByiOT mho^kgctb& R, R , npHHa^- 
jiejKamne 6a3ncy TonanornH npocTpaHCTBa U , h MHoacecTBa T\, T n , T[, T^, 
npHHafljiejKamne 6a3Hcy TonojiorHH npocTpaHCTBa E, Taxne, hto x £ R, x' £ R' , 
Pi e Ti, K e T{, p„ g T n , p' n GT^RxTxX ... xT n CS,R'x T{ x ... xT^CS. 
TeopeMa flOKa3aHa, TaK Kax W\ = T\ U T[, W n = T n UT^ - OTKpbiTbie MHO»ce- 
CTBa. □ 

TeopeMa 4.2 roBopiiT o HenpepbiBHOCTH onepaunH uj, o,a,HaKO 3Ta TeopeMa HHHero 

He TOBOpHT O MHOJKeCTBaX W\, W n . B HaCTHOCTH, 3TH MHOJKeCTBa MOryT 6bITb 

He CBH3HMMH. 

Ecjih TonojiorHH Ha cjioe A - jj^HCKpeTHa, to mm MoaceM nojioJKHTb W = {p\, 
Wi = {pi}, W n = {p n }- Bo3HHKaeT onryineHHe, hto b OKpecraocTH V onepauHH 
He 3aBHCHT ot cjioh. Mm 6ya;eM roBopnTb, hto onepannfl u> jioxajibHO nocTOSHa. 
O^Haxo Ha paccjioeHHH b uejiOM ycjiOBHe nocTOHHCTBa MoaceT 6biTb HapynieHO. 
Tax paccjioeHne Ha# OKpyjKHOCTbio co cjioeM rpynnbi uejibix ^Hceji MO»ceT oxa- 
3aTbca HaxpbiTHeM OKpyjKHOCTH R — ► S 1 ^eiicTBHTejibHOH npHMoii, onpe^ejieHHMM 
(popMyjioii p(t) = (sin t, cost) rjir jiio6oro t £ R. 

PaccMOTpHM ajibTepHaTHBHyio TOHKy 3peHHH Ha HenpepbiBHOCTb onepanHH uj, 
hto6m jiy^nie noHHTb 3HaHeHne HenpepbiBHOCTH Ecjih mm xothm noxasaTb, hto 
6ecKOHeHHO Majibie H3MeHemiH onepaH^OB npn ^BHJKeHHH Bjjpjib 6a3M npHBOflHT k 
6ecKOHeHHO MajiOMy H3MeHeHHio onepauioi, HaM Hajjp nepeiiTH k ce^eHHHM. 9tot 
nepexo,n; ,n;onycTHM, t&k k&k onepainia Ha paccjioeHHH onpe,a;ejieHa nocjioiiHO. 

TeopeMa 4.3. n-apnasi onepav,UM na paccjioenuu omo6paoKaem cenenuji e cenenue. 

/^OKa3ameAbcmeo. ^onycTHM fx, f n - ceieHHH h OTo6pa»ceHHe 

(4.1) / = u) id (fx, f n ) : M £ 
onpe,a;ejieHO paBeHCTBOM 

(4.2) f(x)=uj(f 1 (x),...,f n (x)) 

IlyCTb X £ M H U = f(x). IlyCTb U - OKpeCTHOCTb TOHKI u b o6nacTH 3HaHeHHii 

OTo6pajKeHHH /. 

Tax xax uj HenpepMBHoe OTo6pa»ceHHe, to corjiacHO [8], CTp. 58, ,n;jia jiio6oro 
3HaHeHHH i, 1 < i < n b o6jiacTH 3HaHeHHii ceHeHHH fi onpe,a;ejieHO OTKpMToe 
MHO»cecTBO Ui TaKHM o6pa30M, hto n"=i Ui OTKpMTO b o6jiacTH 3HaHeHHii ceneHHA 
(/i> •••) fn) paccjioeHHa £ n h 

n 

Ui) c u 

i=l 

IlyCTb u' € U. IlocKOJibKy / - OTo6pa»ceHHe, cymecTByeT x' € M Taxaa, hto 
f(x') = u' . Ha ocHOBaHHH paBeHCTBa (4.2) cymecTByroT u\ £ Ui, p(u'A = x' Taxne, 
hto uj(u'i, u' n ) = u' . Tax xax fi ce^eHne, to cymecTByeT OTKpMToe b M MHO»ce- 
ctbo Vi Taxoe, ^to fiiVi) C Ui h x £ Vi, x' £ Vi. Cue^OBaTejibHO, MHoacecTBO 

v - n^Vi 

HenycTO, otkpmto b M h x £ V , x' £ V. CjiejjOBaTejibHO OTo6pa»ceHHe / Henpe- 

PMBHO H HBJIfleTCfl ceHeHHeM. □ 
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AjieKcaH/ip KjieHH 
PaccnoeHHaa J--ajire6pa 



OnepauiiH Ha paccnoeHiiii mojkct 6biTb npe,a;cTaBjieHa ^narpaMMoii 




TeopeMa 4.4. 



,id 



nenpepuena ua T(£). 



JJoKa3ameAbcmeo. PaccMOTpHM mhokgctbo Wk,u, W K - KOMnaKTHoe no^MHO- 
»cecTBO npocTpaHCTBa M, U - OTKpbiToe no,n;MHO>KecTBO npocTpaHCTBa £ . Mho- 

JKeCTBO U Mbl MOJKeM npe^CTaBHTb B BHfle V X E, Tfl/S V - OTKpblTOe MHOJKeCTBO 

npocTpaHCTBa M, K C V . (V x E) = VxE n HBjiaeTCH OTKpbiTbiM mhojk6Ctbom. 
Cjie,a;oBaTejibHO, 

(4.3) (<J d )~ 1 W K ,vxE = W K ,VXEn 

H3 (4.3) cjie^yeT HenpepbiBHOCTb w ld . □ 

Onpe^ejieHHe 4.5. IlycTb A HBJiaeTCfl ■7 r -ajire6poii ([2]). Mm MoaceM nepeHecra 

^ r -ajire6paH x iecKyio erpyKTypy co cjioh A Ha paccjioeHne p[A] : A >■ M - Ecjih 

Ha J r -ajire6pe A onpe^ejieHa onepanHH u> 

a = uj(a ll ...,a n ) 
to Ha paccjioeHHH onpeflejieHa onepainiH uj 

a(x) = uj(ax, ...,a n )(x) = w(ai(x), a n (x)) 
Mm 6yn,eM roBopnTb, hto p[A] - sto paccjioeHHaa JF-ajire6pa. □ 

B 3aBHCHMOCTH ot CTpyKTypbi mm 6yn,eM roBopnTb, HanpHMep, o paccjioeHHoii 
rpynne, paccjioeHHOM KOJibije, BeKTopHOM paccjioeHHH. 

OcHOBHbie CBoiicTBa J r -ajire6pbi coxpaHHiOTCH h rjisi paccjioeHHoii jF-ajire6pbi. 
ITpa flOKa3aTejibCTBe cooTBGTCTByiomHx TeopeM, mm mojkcm ccMjiaTbca Ha sto 
yTBepjK^eHHe. O^HaKO b HexoTopbix cjiy^aax ,n,OKa3aTejibCTBO MOJKeT npe^CTaB- 
jiHTb caMOCTOflTejibHbiii HHTepec, Tax Kax no3BOJifleT jiyHHie yBH^eTb CTpyKTypy 
paccjioeHHoii J r -ajire6pM. OflHaxo CBoiicTBa J r -ajire6pM, bo3hhkhigh Ha mhojkgctbg 
ceneHHii, MoryT OTjinnaTbca ot cbohctb J r -ajire6pM b cjioc HanpHMep, yMHoace- 
Hne b cjioe MoxeT HMeTb o6paTHbin sjieMeHT. B tojkc BpeMH yMHOJKeHne ceHeHnii 
MoaceT He HMeTb o6paTHoro sjieMeHTa. Cne^OBaTejibHO, paccjioeHHoe HenpepMBHoe 
nojie nopojK^aeT KOJibnp Ha MHOJKecTBe ceneHHii. 9to HBJiaeTCH npenMymecTBOM 
npn H3yneHHH paccjioeHHoii ajire6pbi. 51 xo^y Taxace o6paTHTb BHHMaHne Ha to, hto 
onepaunH b paccjioeHHH He onpe,n;ejieHa pjisi ajieMeHTOB, npHHafljiejKainiiM pa3HMM 

CJIOHM. 

ToHKap £ A HMeeT npe^CTaBJieHne (x,p a ) b xapTe U a h npe^CTaBJieHne (x,pp) b 
KapTe Up. ^onycTHM (pyHKHHH nepexo^a g e $ onpe^ejiaiOT paccjioeHne B Ha^ 6a3on 
N. PaccMOTpHM KapTM V e 6 N h V$ £ N, V e fl V$ 7^ 0- Tonxa q G B HMeeT npe^j,- 
CTaBjieHHe (y,q e ) b KapTe V e h npeflCTaBjieHne {y,qs) b xapTe Vs. CjieflOBaTejibHO, 

Pa = fapiPp) 
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Qe = ges{qs) 

IIpeflCTaBJieHHe cootb6tctbhh npn nepexcme ot KapTM U a k xapTe Up h ot KapTM 
V t k KapTe V$ H3MeHaeTCH corjiacHO 3aKOHy 

{x,y,p a ,q e ) = {x,y,f a p(pp),g e s(qs)) 

9to corjiacyeTca c npeo6pa30BaHHeM npii nepexcyje ot xapTbi U a X V e k KapTe 
Up x Vs b paccjioeHHH Ax B. 

TeopeMa 4.6. ^onycmuM q^yHKi^uu nepexoda f a p onpedejisaom paccjioewHyw T- 

ajize6py p[A] : A >■ M Had 6a3oU M . Tozda g^yHKi^uu nepexoda f a p mgamwuicm 

zoMOMopcf}U3MaMU J--ajise6pu A. 

J^onasamejibcmeo. IlycTb U a G M h Up G M, U a (~l Up ^ - oxpecTHOCTH, b 
KOTopbix paccjioeHHaa •7 r -ajire6pa p[A] TpiiBiiajibHa. IlycTb 

(4.4) ap = fp a (a a ) 

(pyHKijHfl nepexoda H3 paccnoeHira pf-A]^ b paccnoeHne p[j4]|;/ a - nyerb u> - n- 
apHaa onepaipia h tohkh ei, e„ npHHa^jiejKaT cjioki A^, x £ Ui nt/2. IIojiojkhm 

(4.5) e = Lu(ei, e„) 

Mm MOJKeM npe,a;cTaBHTb TO^Ky e G p[^4]|[/ Q b BH,n;e (x, e a ) h TOHKy e,; G p[A]|;y Q 
b BH,a;e (x,ei a ). Mm mo>kgm npeflCTaBHTb TOHKy e G p[A]|(7a b BH^e (x,ep) h TOHKy 
e; Gp[A]|(/a b BHfle (x,eip). CorjiacHO (4.4) 

(4.6) ep = fp a (e a ) 

(4.7) eip = fp a (e ia ) 

CorjiacHO (4.5), onepaipifl b cjioe A x Hafl OKpecTHOCTbio Up hmggt bh,u; 

(4.8) ep =u){exp,...,e n p) 
Ilo^CTaBHB (4.6), (4.7) b (4.8) mm nany^iiM 

fp a (e a ) = u(fp a (ei a ), fp a (e na )) 
3to ,n;0Ka3MBaeT, hto fp a HBjiaeTCH roMOMop(pH3MOM J r -ajire6pM. □ 

Onpe^ejieHHe 4.7. IlycTb p[A] : A >■ M h p'[j4'] : A' >■ M' - ABe pac- 

cjioeHHbie J-"-ajire6pM. Mm 6yn,eM Ha3MBaTb Mop(pii3M paccnoeHiiii 

f:A^A! 

roMOMopcpH3MOM paccjioeHHbix ^"-ajireGp, ecjin cooTBeTCTByromee OTo6pa»ce- 
hhg cjioSb 

fx '■ A x — » A x i 

HBjiaeTCfl roMOMop(pH3MOM J-"-ajire6pM A. □ 

Onpe^ejieHHe 4.8. IlycTb p[A] : A >■ M H p'[A'] : .4' >■ Af - flBe pac- 

cjioeHHbie ^ r -ajire6pM. Mm 6y,n;eM Ha3MBaTb roMOMopcpH3M paccjioeHHbix J-"-ajire6p 
/ H30MopcpH3MOM paccjioeHHbix JF-ajireGp, ecjin cooTBeTCTByromee OTo6pa>Ke- 
Hne cjioeB 

fx ■ A x — > A x , 

HBjiaeTCH H30MopcpH3MOM .F-ajire6pM A. □ 
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Onpe^ejieHHe 4.9. ITycTb p[A] : A »■ M - paccjioeHHaa J r -ajire6pa h A - 

^-"-noflajire6pa JF-ajire6pbi A. PaccjioeHHaa J^-ajire6pa p[A'] : A' *- M hbjih- 

eTCH paccjioeHHoft ^"-noflajireGpoft paccjioeHHOH •7 r -ajire6pM p[A], ecjin tomo- 
MopcpH3M paccnoeHHbix J--ajiTe6p A' — > *4 flBJiaeTCH BJiojKeHneM cjioeB. □ 

Ba>KHbiM o6cTOflTejibCTBOM b 3tom onpe,zj;e.neHHH HBJiaeTca roMOMop(pH3M pac- 
cjioeHHbix J--8iJiTe6p. Ecjih mm npocTO orpaHHiHMca (paKTOM cymecTBOBaHHa T- 
no,n;ajire6pbi b KajK^OM cjioe, to mm mojkbm pa3pyniHTb HenpepMBHOCTb. 

Mm onpe^ejiHJiH onepanHio Ha 6a3e npHBejj,eHHoro flexapTOBa npoH3BejreHHH 
paccjioeHHH. Ecjih mm onpejj,ejiHM onepanHio Ha 6a3e jjexapTOBa npoH3BejreHHH 
paccjioeHHH, to onepauHH 6yn,eT onpejjejieHa jj,jih jik>6mx sjieMeHTOB paccjioeHHH. 
OflHaxo, ecjin p(ai) = p{h), i = 1, n, to p(w(ai, a„)) = p(w(bi, &„)). Cjie- 
flOBaTejibHO, onepanHH onpejjejieHa MejKJjy cjiohmh h nocpeflCTBOM npoeKinin nepe- 
hochtch Ha 6a3y. 3th KOHCTpyKiniH He OTjinnaeTCH ot <paKTopH3anHH •7 r -ajire6pM h 
He co3,a,aeT hobmh sjieMeHT b Teopnn paccjioeHnii. B to »ce BpeMH 3Ta KOHCTpyKHHH 
jj,OBOJibHO npo6jieMaTHHHa c tohkh 3peHHH nepexo^a MejKjjy pasjin^HMMH KapTaMH 
paccjioeHHA h bo3mo>khocth onpejjejieHHH onepaniiH Hajj, ceneHHHMH. 

5. IlPEflCTABJlEHHE PACCJIOEHHOM jF-AJirEEPbl 

Onpe^ejieHHe 5.1. Mm 6yjj,eM Ha3MBaTb MopcpH3M paccjioeHnii 

t :£^£ 

npeo6pa30BaHHeM paccjioeHHs, ecjin cooTBeTCTByiomee OTo6pa»ceHHe cjioeB 

t ■ E — > E 

b x • ^x 7 

HBJiaeTCH npeo6pa30BaHHeM cjioh. □ 

TeopeMa 5.2. Ilycmb U - omnpumoe Muootcecmeo 6ci3u M , na KomopoM cyuifi- 
cmeyem mpueuajiu3av ) u}i paccAoenuM p[E] . Ilycmb t - npeo6pa3oeanue paccjiocnusi 
p[E]. Ilycmb x G M u p' = t x (p) e cjioe E x . Tozda Ojiji omnpumoso Mnowcecmea 
V C M , x € V u djiM, omnpumozo MHOCHcecmea W C E, p' S W' cyuificmey- 
em omnpumoe Muootcccmeo W C E, manoe, nmo ccjiu x\ G V , p\ 6 W , mo 

p[ = t Xl ( Pl ) e w. 

^OKa3amejibcmeo. CorjiacHO [8], CTp. 58, MHoacecTBa BH,a;a V x W, rjje V npHHa,a;- 
jie>KHT 6a3Hcy TonojiorHH npocTpaHCTBa U h W npHHa^jie^KHT 6a3ncy TonojiorHH 
npocTpaHCTBa E, o6pa3yroT 6a3nc TonojiorHH npocTpaHCTBa £. 

Tax Kax OTo6pa»ceHHe t HenpepMBHO, to jj,jih OTKpMToro MHOJKecTBa V x W 
cymecTByeT OTKpbiToe MHoacecTBO V x W Taxoe, ^to t(V x W) C V x W' . 3to h 
ecTb cojjepjKaHne TeopeMM. □ 

TeopeMa 5.3. TIpco6pa3oeanucM paccjioenuM p[E] omo6paotcaem ccncnue e cchc- 
nue. 

fl,OKa3amejibcmeo. 06pa3 ce^eHHH s npn npeo6pa30BaHHH t onpejj,ejieH H3 KOMMy- 

TaTHBHOCTH JJHarpaMMM 

£ *- -£ 

>.. / 

8 / «' 
M 

HenpepMBHOCTb OTo6pa»ceHHH s' cjiejxyeT H3 TeopeMM 5.2. □ 
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Onpe^ejieHHe 5.4. ITpeo6pa30BaHHe paccjioeHHH Ha3MBaeTCH JieBocTopoHHHM 
npeo6pa30BaHHeM hjih T*-npeo6pa30BaHHeM paccjioeHHH, ecjiH oho fleii- 
CTByeT cjieBa 

u = tu 

Mbi 6yn;eM oGosHa^aTb *£ hjih mho>kgctbo HeBMpo>Kjj;eHHMx T*-npeo6pa30- 

BaHHfi paccjioeHHH p[E}. □ 

Onpe^ejieHHe 5.5. Ilpeo6pa30BaHHe Ha3MBaeTCH npaBocTopoHHHM npeo6pa- 
30BaHHeM hjih *T-npeo6pa30BaHHeM paccjioeHHH, ecjin oho j^eficTByeT cnpaBa 

u' = ut 

Mm 6yn;eM oGosHa^aTb £* hjih p[E\* mho^kcctbo *T-HeBbipojKjj;eHHbix npeo6pa30- 
BaHHii paccjioeHHH p[A}. □ 

Mm 6yi;eM o6o3Ha x iaTb e TO»cjj;ecTBeHHoe npeo6pa30BaHne paccjioeHHH. 
Tax Kax T*-npeo6pa30BaHHeM paccjioeHHH onpe^ejieHO nocjiofiHO, to MHO»cecTBO 
*p[E] HBJineTCH paccjioeHHeM, H30MopcpHbiM paccjioeHHio p[*E}. 

Onpe^ejieHHe 5.6. IlycTb Ha MHoacecTBe *p[A] onpejj,ejieHa CTpyKTypa paccjioeH- 
Hoii J r -ajire6pbi ([2]). IlycTb p[B\ hbjihbtch paccjioeHHoii ^ r -ajire6poH. Mm 6yn,eM 
Ha3MBaTb roMOMop(pH3M paccjioeHHbix jF-ajire6p 

(5.1) / : p[B] - *p[A] 

JieBocTopoHHHM npe^cTaBJieHHeM hjih T*-npe,n;cTaBJieHHeM paccjioeHHoii 
.F-ajire6p&i p[B]. □ 

Onpe^ejieHHe 5.7. IlycTb Ha MHoacecTBe p[A]* onpe^ejieHa CTpyKTypa paccjioeH- 
Hoii JT-ajire6pbi ([2]). IlycTb p[B] hbjihbtch paccjioeHHoii J r -ajire6pon. Mm 6yn,eM 
Ha3MBaTb roMOMop(pH3M paccjioeHHbix jF-ajire6p 

f : p[B] ^ p[A}* 

npaBocTopoHHHM npeflCTaBJieHHeM hjih ★T-npe r n;cTaBJieHHeM paccjioeHHoii 
JF-ajire6pBi p[B]. □ 

Mm pacnpocTpaHHM Ha Teopnio paccjioeHHbix npe^CTaBJieHHii corjianieHne, oni- 
caHHoe b 3aMeHaHHH [3J-2.2.14. Mm MO»ceM 3anncaTb npHHinin ,n,BOHCTBeHHOCTH b 
cjieflyiomeii cpopMe 

TeopeMa 5.8 (npHHinin JXBoiicTBeHHOCTH) . JIw6oe ymeepcucdeHue, cnpaeedjiueoe 
djinT-k-npedcmaeAenusi paccjioeHHoii J--ajize6pup[A], 6ydem cnpaeedjiueo djin-kT- 
npedcmaejieHUM, paccAoenHou T -ajiee6pu p[A]. 

CymecTByeT flsa cnoco6a onpejjejiHTb T*-npejj,CTaBJieHHe J r -ajire6pM B b pac- 
cjioeHHH p[A\. Mm MO»ceM onpejj,ejiHTb onpejjejiHTb T*-npe,n,CTaBJieHHe b cjioe, jih6o 
onpejjejiHTb T*-npe#CTaBJieHHe Ha MHoacecTBe r(p[A|). B nepBOM cjiy^ae npejjCTaB- 
jieHHe onpe^ejineT o,u;ho h to ace npeo6pa30BaHHe bo Bcex cjiohx. Bo btopom cjiynae 
KapTHHa MeHee orpaHHHeHa, o,a;HaKO OHa He ^aeT nojiHoii KapTHHM pa3Hoo6pa3HH 
npe,a;cTaBjieHHH b paccjioeHHH. Korjja mm paccMaTpnBaeM npeflCTaBjieHne paccjio- 
eHHoii J-"-ajire6pM, mm cpa3y oroBapHBaeM, hto npeo6pa30BaHHH b pa3Hbix cjio- 
hx He3aBHCHMM. Tpe6oBaHHe HenpepMBHoii 3aBHCHMOCTH npeo6pa30BaHHH ot cjioh 
HaKJia^MBaeT flonojiHHTejibHbie orpaHHneHHH Ha T^-npe^CTaBJieHHe paccjioeHHoii 
J r -ajire6pM. B to »ce BpeMH sto orpamineHHe no3BOJiHeT H3yHaTb npe,a;cTaBjieHHH 
paccjioeHHbix J-"-ajire6p, Korjja b cjioe onpe,n;ejieHa J-"-ajire6pa, napaMeTpbi KOTopoii 
(HanpHMep, CTpyKTypHbie KOHCTaHTM rpynnbi JIh) HenpepMBHO 3aBHCHT ot cjioh. 
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3aMenaHue 5.9. Ha H3MKe fliiarpaMM onpeflejiemie 5.6 03HaHaeT aneflyiomee. 




0To6pajKeHHe F - HHieKijHH. TaK KaK mm ojKH^aeM, hto npeflCTaBJieHiie pacc.no- 
ghhoh .F-ajire6pbi ^eiicTByeT b KajK^OM cjioe, to Mbi biaim, ito OTo6pa»ceHHe 
F - 6iieKniiH. He Hapyinaa o6ihh:octh, mbi mojkbm nojK»KiiTb, hto M — M' h 
OTo6pa»ceHHe F - To:sc,a;ecTBeHHoe OTo6pa»ceHHe. Mm 6ya;eM roBopnTb, hto 3a,n;aHO 
npe^CTaBJieHne paccjioeHHoii •7 r -ajire6pM p[B] b pacanoeHHii p[A] h&a, mhojk6ctbom 
M. nocKOJibKy 6a3a paccjioeHira H3BecTHa, to, hto6m He neperpy»caTb ^narpaMMy 
^eTajiHMH, mm 6yn,eM oniiCMBaTb npe^CTaBJiemie c noMOin,bio fliiarpaMMM 




M 



□ 

Onpe,a;ejieHHe 5.10. Mm 6ya;eM Ha3MBaTb T*-npe,a;cTaBjieHiie paccjioeHHoii !F-sji- 
re6pbip[B] acpcpeKTHBHBiM, ecjiH OTo6pa:*ceHiie (5.1) - ii30Mop(pH3M paccjioeHHoii 
J-"-ajire6pbi p[B] b □ 

3aMenanue 5.11. Ecjih T*-npe,n;cTaBjieHHe paccjioeHHoii ^-ajireGpbi 9(p(peKTHBH0, 
mm MoaceM OTOJK,a;ecTBjiHTb ajieMeHT paccjioeHHoii .F-ajireGpM c ero o6pa30M ii 3a- 
nHCMBaTb T*-npeo6pa30BaHHe, nopojKfleHHoe ajieMeirroM a S A, b cpopMe 

v = av 

Ecjih ★T-npe^CTaBJieHne paccjioeHHoii J r -ajire6pM acpcpeKTHBHO, mm MO»ceM otojk- 
flecTBjiHTb ajieMeHT J-"-ajire6pM c ero o6pa30M ii 3aniicMBaTb *T-npeo6pa30BaHHe, 
nopojK,a;eHHoe ajieMeHTOM a G A, b cpopMe 

v = va 

□ 

Onpe^ejieHHe 5.12. Mm 6ya;eM Ha3MBaTb T*-npe,iiCTaBjieHiie paccjioeHHoii T- 
ajire6pM TpaH3HTHBHtiM, ecjiH rilr jiio6mx a,b £ V cymecTByeT Taxoe g, ^to 

a = f(g)b 

Mm 6yn,eM Ha3MBaTb T*-npe,a,CTaBJieHiie paccjioeHHoii J-"-ajire6pbi o,a,HOTpaH3H- 

THBHBIM, eCJIH OHO TpaH3IITHBH0 II 9(p(peKTHBHO. □ 

TeopeMa 5.13. T-k-npedcmaejienue odHompaH3umueHO mozda u mojibKO mozda, 
nozda 3am Jim6ux a,b £ M cyu^ecmeyem odno u mojibKO odno g € A manoe, umo 
a = f(g)b 
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JJoKa,3amejibcmeo. CneflCTBiie onpe,o;ejieHHH 5.10 h 5.12. □ 

6. nPEflCTABJlEHHE PACCJTOEHHOH rpynnbi 

Onpe^ejieHHe 6.1. IlycTb p[G] : Q >■ M h p'[G'} : Q' >■ M' - fxse pac- 

cjioeHHbie rpynnbi. Mm 6yi;eM Ha3MBaTb MopcpiOM paccjioeHHii 

f--G->Q' 

roMOMopcpH3MOM paccnoeHHbix rpynn, ecnn cooTBeTCTByioinee OTo6pa»ceHHe 
cuoeB 

fx '■ G x — > G x , 

aBjiaeTCH roMOMopcpH3MOM rpynn. □ 

Onpe^ejieHHe 6.2. IlycTb p[G] : Q >■ M h p'[G'} : Q' M' - flse pac- 

cjioeHHbie rpynnbi. Mm 6yn,eM Ha3MBaTb Mop(pii3M paccjioeHHii 

aHTHroMOMopcpH3MOM paccnoeHHbix rpynn, ecjin cooTBeTCTByromee OTo6pa- 
»ceHHe cjioSb 

fx '■ G x — > G x / 

HBjiaeTCfl aHTHroMOMop(pH3MOM rpynn. □ 

Onpe,n;ejieHHe 6.3. IlycTb p[G] - paccjioeHHaa rpynna. Mm 6yn;eM Ha3MBaTb oto6- 
pajKemie 

(6.1) / : p[G] *p[A] 

T*-npe/i,cTaBJieHHeM paccjioeHHoft rpynnbi p[G\ b paccjioeHHiip[A|, ecjin oto6- 
pa»:eHHe / ynpBjieTBopaeT ycjiOBHHM 

(6.2) /(<*%= /(<»)(/(&)/*) 

(6.3) /(e) = e 

□ 

Onpe,n;ejieHHe 6.4. IlycTb p[G] - paccjioemiaa rpynna. Mm 6yn;eM Ha3MBaTb oto6- 
pajKemie 

(6.4) f:p[G)^p[A]* 

★T-npe/i,cTaBJieHHeM paccjioeHHoft rpynnti p[G] b paccjioeHHiip[A], ecnii oto6- 
pa»:eHHe / ynpBjieTBopaeT ycjiOBHHM 

(6.5) tfiab) = (/i/(o))/(6) 



(6.6) /(e) = e 



□ 



TeopeMa 6.5. JJjim jiw6ozo a 6p[G] 

(6.7) /(a- 1 ) =/(a)" 1 

/^OKa3ameAbcmeo. Ha ocHOBaHnn (6.2) h (6.3), mm MoaceM 3anncaTb 

/i = e/i = /(aa _1 )/j = /(a)(/(a -1 )/i) 
3to 3aBepniaeT ^OKasaTejibCTBO. □ 
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TeopeMa 6.6. ITycmb *p[A] - paccjioennasi zpynna omHocumejibHO yMHOQtcenun 

(6.8) (iit 2 )/i = ii(M 

u e - eduHuuix paccjioeHHoii zpynnu *p[A]. Ecjiu omo6pacnceHue (6.1) siejuiemcM 
zoMOMop<fiu3MOM paccAoenHux zpynn 

(6.9) f(ab) = f(a)f(b) 

mo 9mo omo6pacHceHue neMiemcH npedcmaejienucM paccjiocunou zpynnu p[G], ko- 
mopoe mu 6ydeM na3ueamb KOBapnaHTHBiM T*-npe/i,CTaBJieHHeM paccjioeH- 
hoh rpynn&i. 

JJoKa,3ameAbcmeo. Tern Rax / - roMOMop(pn3M paccjioeHHbix rpynn, to /(e) = e. 
CorjiacHO (6.8) ii (6.9) 

f(ab)n = (f(a)f(b))fi = /(a)(/(%) 

CorjiacHO onpe^ejiemno 6.3 / HBJiaeTCH npe,n,CTaB.neHiieM paccjioeHHoii rpynnbi. 

□ 

KoBapHaHTHoe T*-npe,a;cTaBjieHHe paccjioeHHoii rpynnbi Ha paccjioeinni mojkgt 
6biTb npe,a;cTaBjieHO flnarpaMMoii 




M M 



TeopeMa 6.7. ITycmb *p[A] - paccjioenuasi zpynna omnocumejibHO yMHOCHcenuM 

(6.10) (t 2 t 1 )fi = t 1 (t 2 fi) 

u e - edunuufx paccjioeHHoii zpynnu *p[A]. Ecjiu omo6pacnceHue (6.1) nejisicmcsi 
a,HmuzoMOMop(f)U3MOM paccjioeuHux zpynn 

(6.11) f(ba) = f(a)f(b) 

mo amo omo6paatccHue siejisiemcsi npedcmaejienucM paccjioeuHou zpynnu p[G], ko- 
mopoe mu 6ydcM na3ueamb KOHTpaBapnaHTHbiM T*-npe/i,CTaBJieHHeM pac- 
cjioeHHoii rpynnBi. 

JJ,OKa3amejibcmeo. Tax kbr / - aHTnroMOMop(pn3M paccjioeHHbix rpynn, to /(e) = 
e. 

CorjiacHO (6.10) h (6.11) 

f(ab)fi = (/(6)/(o))/x = /(<*)(/(%) 
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CorjiacHO onpe^ejieHHio 6.3 / HBjiaeTCH npeflCTaBjieHHeM paccjioeHHoii rpynnbi. 

□ 

IIpHMep 6.8. TpynnoBaH onepauM Ha paccjioeHHH rpynn onpejjejifleT jxsa pa3- 
jihihmx npeflCTaBJieHHH Ha paccjioeHHH rpynn: T*-cjxsht Ha paccjioeHHH rpynn, 
KOTopbiii Mbi onpeflejiaeM paBeHCTBOM 

(6.12) b' = a*b = ab 

n *T-cflBnr Ha paccjioeHHH rpynn, KOTopbiii mm onpejjejifleM paBeHCTBOM 

(6.13) b' = b-ka = ba 

□ 

IIpHMep 6.9. ITycTb p[GL] paccjioeHne Hajj; ocbio bgiugctbghhmx nnceji. 3aij;aB- 
nincb MaTpHuen A, mm MoaceM onpejjejiHTb ce^eHHe a(t) = exp(tA), n sto ceneHne 
6y,n;eT nopojKjjaTb cooTBeTCTByroinnn T*-c/j,BHr. 

Onpe,n;ejieHHe 6.10. IlycTb / - npe^CTaBjieHneM paccjioeHHoii rpynnbi p[G] b pac- 
cjioeHHH p[A\. Jlflsi jno6oro ceieHHH u paccjioeHHH p[A] mm onpe,a;ejiHM ero op6nTy 
npe,n;cTaBJieHHa paccjioeHHoft rpynnbi Kax mhojkgctbo 

0(u,g G T(p[G])J(g)u) = {v = f(g)u : g G T(p[G])} 

□ 

u £ 0(u,g e T(p[G}), f(g)u), Tax xax /(e) = e. 
TeopeMa 6.11. Ecjiu 

(6.14) veO(u,geT{p[G]),f(g)u) 
mo 

0(u,g E T(p[G])J(g)u) = 0(v,g G T(p[G])J(g)v) 
JJ,OKa3amejibcmeo. H3 (6.14) cjie/jyeT cyinecTBOBaHne /1 G r(p[G]) Taxoro, hto 

(6.15) v = f{p)u 

Ecjih 5 G 0{v,g G r(p[G]), f(g)v), to cymecTByeT ^ G r(p[G]) Taxoii, hto 

(6.16) <S = f{v)v 
IIoflCTaBHB (6.15) b (6.16), mm nojiyHHM 

(6.17) 8 = f(v)f(n)u 

Ha ocHOBaHHH (6.2) H3 (6.17) cjie^yeT, hto 5 G 0(u,g G T(p[G]) 1 f(g)u). TaxnM 
o6pa30M, 

0(v,g G T(p[G])J(g)v) C g r(p[G]), /(<?>) 

Ha ocHOBaHHH (6.7) H3 (6.15) cjie/jyeT, hto 

(6.18) U = /( M )- 1 W = /( A1 - 1 )z; 

PaBeHCTBO (6.18) osHaiaeT, ito u G 0{v,g G r(p[G]), f{g)v) h, cjie^OBaTejibHO, 

G r(p[G]),/( 5 )u) C 0(v, g G I>[G]), 
3to 3aBepniaeT /j;oKa3aTejibCTBO. □ 
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/^onycTHM, hto onpe^ejieHO npe^CTaBjieHne rpynnbi G Ha paccnoeHiiii 

p[A] : 8 s» M 

Ecjih mm roBopHM, hto npe,n,CTaBJieHHe TpaH3HTHBHO, to 3to 03HaHaeT, hto op6nTa 
tohki - 3to Bee MHoroo6pa3He £. B cnynae npeflCTaBJieHM paccjioeHHoii rpynnbi 
p[G] op6nTa tohkh sbjihgtch cjioeM, ccflepjKaniHM 3Ty Tonxy. 

TeopeMa 6.12. Ecjiu onpedejienu npedcmaejieHue fa paccjioenHou zpynnu p[G] 
e paccjioeuuu p[A{\ u npedcmaejiemie fa paccjioeHHoii zpynnu p[G] e paccjioenuu 
p[A2], mo mu MOQtceM onpedejiumb npaMoe npoH3Be^i;eHHe npe/jcTaBJieroiH fa 
h fa paccjioeHHOH rpynnbi p[G] 

f = fa®fa:p[G\^p[A 1 )®p[A2] 

JJoKa3ameAbcmeo. Hto6m noxasaTb, hto / flBjiaeTca npeflCTaBjieHneM, ^ocTaTOHHO 
noKa3aTb, hto / ynpBjieTBopaeT onpeflejieHnio 6.3. 

/(e) = (/i(e) J / a (e)) = (ei,e 3 ) = e 

f{ab)u = (fa(ab)ui, fa{ab)u 2 ) 

= {fa(a)(fa(b)u 1 ),fa{a){fa(b)u 2 )) 
= f(a)(fa(b) Ul ,fa(b)u 2 ) 
= f(a)(f(b)u) 

□ 

7. OflHOTPAH3HTPIBHOE nPEflCTABJIEHHE 

Onpe^ejieHHe 7.1. Mm 6yflfiM Ha3MBaTb si/rpoM HeacpcpeKTHBHOCTH npe,n;- 
CTaBJieHHH paccjioeHHoii rpynnBi p[G] mhojk6ctbo 

K f = {g e T(p[G}) : fag) = e} 

Ecjih Kf = {e}, mm 6yi;eM Ha3MBaTb npeflCTaBjieHiie paccjioeHHoii rpynnbi G 3Cp- 

(peKTHBHMM . □ 

TeopeMa 7.2. fldpo HeatfufienmueHocmu - amo nodzpynna paccjioeuHou zpynnu G. 

fl^oKaaameAbcmeo. ^OKasaTejibCTBO He 3aBncnT ot Tnna npe,a,CTaBJieHHH, KOTopoe 
mm Hcnojib3yeM: KOBapnaHTHoe hjih KOHTpaBapnaHTHoe. IlycTb / - KOBapnaHTHoe 
npe^CTaBjieHne h /(ai) = 6 u f(a 2 ) = 5. Tor^a 

f(aia 2 ) = f{ai)f(a 2 ) = 5 

f(a- 1 ) = f- 1 (a) = S 

a 

TeopeMa 7.3. Upedcmaejieuue odHompaH3umueHO mozda u mojibKO mozda, nozda 
djisi jiki6ux a,b G r(p[A]) cyuificmeyem odno u mojvbKO odno g € p[G) manoe, umo 
a = f(g)b 

fl^oKaaameAbcmeo. yTBep}K,n,eHHe HBJiaeTCfl cjie^CTBiieM onpe^ejieHnn 5.10 n 7.1 n 
TeopeMM 7.2. □ 
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Onpe,n,ejieHHe 7.4. Mm 6yflfiM Ha3MBaTb paconoeHne p[A] oflHopoflHMM pac- 
cjioeHHeM paccjioeHHoft rpynnbi p[G], ecjin mm hmggm o^HOTpaH3HTHBHOG npe,a;- 
CTaBJieHHe paccjioeHHoii rpynnM p[G] Ha p[A]. □ 

TeopeMa 7.5. Ecjiu mu onpedejiUM odnompaH3umueuoe -npedcmaeAenue f pac- 
CAoenuou zpynnu p[G] e paccAoeuuu p[A] , mo mu MootceM odH03Hav.no onpedejiumb 
noopdunamu nap[A], noAt>3ysiCb KoopdunamaMU na paccAoennou zpynne p[G\. 

Ecjiu f - Koeapuanmnoe odHompaH3umueHoe npedcmaeAenue. mo f(a) aneu- 
eaAenmno jieeoMy cdeuzy a* na paccAoennou zpynne p[G] . Ecjiu f = Konmpaea- 
puanmnoe odnompan3umuenoe npedcmaeAenue, mo f(a) sKeueaAenmno npaeoMy 
cdeuzy *a na paccAoennou zpynne p[G\. 

JJoKa3amejibcmeo. npeflCTaBjiemie paccjioeHHoii rpynnbi p[G] b paccjioeHHH p[A] 
oflHOTpaH3HTHBHO Tor^a h TOJibKO Tor^a, Kor,o;a o,o;HOTpaH3HTHBHO npe^CTaBJieHne 
rpynnbi G Ha cjioe A x rjik jno6oro x. ^onyerHM npe^CTaBJieHne / paccjioeHHoii 
rpynnbi p[G] - KOBapnaHTHoe o,n,HOTpaH3HTHBHoe npe^CTaBJieHHe. IlycTb u, v - ce- 
leHHH paccjioeHHH p[A\. Bbi6paB npoH3BOJibHMii x, mm Hai^eM corjiacHO TeopeMe 
[3]-3.4.5 eflHHCTBeHHbiii sjicmcht g x G G TaKoii, hto 

u(x) = f(g x )v(x) = g x v(x) 

TaKHM o6pa30M, OTo6pa»ceHHe x — > g x HBJiHeTCH hckommm ceieHneM paccjioeHHH 
rpynn p[G). 

AHajiorniHO jj;0Ka3MBaeTCH yTBep»c,a;eHHe fljia KOHTpaBapnaHTHoro o,n;HOTpaH3H- 
THBHoro npe,a;cTaBjieHHH. 

Hto6m ^,OKa3aTb nepBoe yTBepacfleHne, mm ^ojukhm BbmejiHTb KapTy Ha mho- 
roo6pa3HH M, r^e 06a paccjioeHHH TpnBnajibHM. B stom cjiynae, mm mojkcm npejj,- 
CTaBHTb KOop^HHaTM totkh u G p[A] Kax ynopHJopieHHyio napy xoop^HHaT (x,y), 
r^e x - KOop,a;HHaTM npoeKipiH Ha MHoroo6pa3ne M, H y - KOop^HHaTM toikh b 
cjioc Mm mojkem npe^CTaBHTb KOop^HHaTM tomkh a E p[G] KaK ynopHijp^eHHyio 
napy KOop^HHaT {x,g) 7 r^e x - KOopflHHaTM npoeKipiH Ha MHoroo6pa3ne M, h g - 
KOop^HHaTM to^ikh b rpynne. Cootb6tctb6hho, KOop^HHaTM ce^eHHH paccjioeHHH 
p[A] - 3to OTo6pajKeHHe y : M — > A, h KOop^HHaTM ceieHHH paccjioeHHH p[G] - sto 
OTo6pa»ceHHe y : M — ► G. 

Mm Bbi6epeM ceneHHe v G T(p[A]) n onpe^ejinM KOop^HHaTM ceneHHH w G 
r(p[A|) Kax KOopflHHaTM a G p[G] TaKoro, hto w = f(a)v. KoopjxnHaTbi, onpe,n;e- 
jieHHbie TaKHM o6pa30M, o^HOSHa^HM c TO^iHOCTbio fl,o Bbi6opa Ha^rajibHoro ceieHHH 
v G r(p[A]), TaK KaK ^eiicTBHe scpcpeKTHBHO. □ 

3aM,enaHue 7.6. Mm 6y,n;eM 3anHCMBaTb Tik-KOBapHaHTHoe 3(p(peKTHBHoe npe,a;cTaB- 
jieHne paccjioeHHoii rpynnbi p[G] b (popMe 

v = a -k v = av 

0p6nTa 3Toro npe^CTaBJieHHH hm66t bi^ 

p[G]v =p[G]*w 

□ 

3aMenaHue 7.7. Mm 6y^eM 3anHCMBaTb *T-KOBapnaHTHoe scpcpeKTHBHoe npe^CTaB- 
jieHne paccjioeHHoii rpynnbi p[G] b (popMe 

v' = v -k a = va 
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Op6nTa SToro npe,a;cTaBjieHHH hmggt bhtj; 

vp[G] = v*p[G] 

□ 

TeopeMa 7.8. Jleeuu u npaeuu cdeuzu na paccjioennou zpynne p[G] nepecmano- 

60HHU. 

/foKasameAbcmeo. 3to cne^CTBne acconnaTHBHOCTn paccjioeHHoii rpynnbi p[G] 
(a-k*b)c — a(cb) = (ac)b = (*b a*)c 

□ 

TeopeMa 7.9. Ecjiu mu onpedejiujiu odnompan3umuenoe Koeapuanmnoe T-k-nped- 
cmaejienue f paccjioennou zpynnu p[G] na paccjioenuu p[A] , mo mu MoatceM odno- 
3hq,hho onpedejiumb odnompan3umuenoe Koeapuanmnoe *T ' -npedcmaejieHue h pac- 
cjioennou zpynnu p[G] na paccjioeuuu p[A] manoe, nmo duazpciMMa 




KOMMymamuena 3jim, jiw6ux a, b G T(p[G]). 

JHoKasamejibcmeo. npe^nojiojKHM, ^to / - o,n,HOTpaH3HTHBHoe KOBapnaHTHoe T-k- 
npe,a;cTaBjieHHe. B KajKflOM cjioe A x npe^CTaBjieHne / onpe^ejiaeT o^HOTpaH3HTHB- 
Hoe KOBapHaHTHoe T*-npe,a;cTaBjieHHe f x rpynnbi G. CorjiacHO TeopeMe [3]-3.4.10 b 
cjioe A x o^HOSHa^HO onpe,a;ejieHO o,zn-[OTpaH3HTHBHoe KOBapHaHTHoe *T-npe,a;cTaB- 
jieHHe h x , nepecTaHOBO^Hoe c npe,n,CTaB.neHHeM f x . JIiir ce^einra a £ T(p[G]) onpe- 
^ejieHO ce^eHne 

h{a) : x — > h x (a) 

O To6p a>KGHHG h aBjiaeTCH roMOMopcbiOMOM paccjioeHHbix rpynn. □ 

Mm 6yn,eM Ha3biBaTb npe^CTaBJieHna / n h napHbiMH npecTaBJieHHHMH pac- 
cjioeHHoft rpynnbi p[G]. 
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